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Abstract—Spatially varying focal length fan-beam collimators
can be used in single photon emission computed tomography
to improve detection efficiency and to reduce reconstruction
artifacts resulting from the truncation of projection data. It
has been proven that there exists no convolution backprojection
algorithm for this type of collimator, so a complicated interpolation between two nonparallel projection rays is necessary
for existing algorithms. The interpolation may generate blurring
and artifacts in the reconstructed images. Based on a harmonic
decomposition technique and the translation property of Fourier
series, a semifrequency resampling technique is proposed to
avoid the above mentioned interpolations. By this technique, the
harmonic decomposition of projection data for spatially varying
focal length fan-beam collimators has the same form as that for
parallel-beam collimators in the semifrequency domain (Fourier
transform with respect to angular variables only). An alternative
version of the inverse Cormack transform is then proposed to
reconstruct the images. The derived reconstruction algorithm
was implemented in a Pentium II/266 PC computer. Numerical
simulations demonstrated its efficiency (3 s for 128 2 128 reconstruction arrays) and its robust performance (compared to the
existing algorithms).

Fig. 1. Illustration of the spatially varying focal length fan-beam geometry.
The focal length function D(1) can be expressed by either the angular
coordinate or the distance coordinate s. D ( ) varies slowly near = 0
and changes fast when j j increases.

Index Terms— Harmonic decomposition, inverse Cormack
transform, spatially varying focal length fan-beam geometry.

I. INTRODUCTION

I

N single photon emission computed tomography (SPECT),
a fan-beam collimator with spatially varying focal lengths
can be used with a gamma camera to improve detection
efficiency and to reduce reconstruction artifacts due to the
truncation of projection data. The focal lengths increase from
a minimum at the center to a maximum at the edge of the
object (see Fig. 1). Thus, those projection rays with short focal
lengths improve detection efficiency in the central region of
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cation artifacts near the edge of the object. The development
of an accurate and efficient reconstruction algorithm for such
a data acquisition geometry is a topic of research interest.
Convolution backprojection algorithms were developed for
parallel-hole collimators [1] and later extended to various fanbeam geometries [2]–[4], and have demonstrated their accuracy and efficiency. It has been proven that there exists no convolution backprojection algorithm for spatially varying focal
length fan-beam geometry [5]. Zeng et al. proposed a summed
filtered-backprojection algorithm to reconstruct the image approximately [6]. Cao and Tsui performed the double integrals
for the reconstruction problem for these types of geometries
and this required intensive computation [7]. Recently, Zeng
and Gullberg implemented a backprojection filtering algorithm
to reconstruct the image more accurately [8]. Although the
above efforts succeed in some degrees, further investigation for
improvement of these existing algorithms or development of
accurate and efficient algorithms are needed. Since the sampled
projection data are not uniformly distributed in the polar
coordinates in the projection space, these existing algorithms
require an interpolation between two nonparallel projection
rays. The interpolation may generate blurring and artifacts in
the reconstructed images. To minimize the interpolation errors,
we had proposed a fast resorting technique to rebin the projec-
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tion data under the constraint that both the angular increment
between successive projections and the angular increment
between rays in each projection were the same constant [5].
However, in practice, the sampled data are not always the
case assumed in [5], therefore, further research is necessary
toward accurate and efficient reconstruction similar to the
convolution backprojection procedure. In this paper, we extend
our previous work [5] to achieve the goal of developing an
accurate and efficient reconstruction similar to the convolution
backprojection algorithm. Based on the harmonic decomposition technique and the translation property of Fourier series,
a semifrequency resampling technique is developed to reduce
the interpolation artifacts and to improve the computational efficiency. An alternative version of the inverse Cormack transform is then proposed to reconstruct the images. Both equiangular sampling and equally spaced sampling for the projection
data are investigated. The developed algorithm is as accurate
and efficient as the convolution backprojection algorithm.
This paper is organized as follows. In Section II, detailed
illustrations for the collimator geometry and the sampled
grids are presented. In Section III, a brief review of the
inverse Cormack transform is given and a simple translation property of Fourier series is introduced. Then, by the
radon inversion formula, we obtain an alternative version of
the inverse Cormack transform for image reconstruction. In
Section IV, several computer simulations are conducted to
show the performance of the developed algorithm.
II. COLLIMATOR GEOMETRY
The detector geometry discussed in this paper is shown in
Fig. 1. Assume that the flat detector is parallel to the -axis
away from the origin. The detected value
with a distance
on the detector is the integral of radionuclide
at a point
along line
, where is located on the
distribution
-axis. Let denote the angle between the line
and the from the
axis. The focal point has a varying distance
origin. When the focal length increases from a minimum for
rays passing through the center to a maximum for rays passing
should increase with .
through the edge of the object,
Every projection ray in Fig. 1 can be determined uniquely by
the departure angle .
After the detector is rotated around the origin from the
(see Fig. 2), every point
position of Fig. 1 by an angle
on the detector can be uniquely determined by either angular
or distance coordinate
. Comparing
coordinate
, we have the following
with the parallel-beam coordinate
relations for the angular coordinate
and
The Jacobian from

to

(1)
is
(2)

is the derivative of
with respect to .
where
As presented in [6]–[8], the projection data are not always
sampled with a uniform increment, although there are many
advantages of using the angular expressions [5]. In fact, the
angular expression is equivalent to the distance coordinate

Fig. 2. Graphic representation of the angular coordinate
coordinate (8; s) and the parallel-beam coordinate (l;  ).

(8; ),

distance

representation under a one-to-one mapping
(3)
In this paper, we will present some comparison studies usincrement and uniform increment in
ing both uniform
projection data generation. Both coordinate expressions will
be used in derivation and implementation of the presented
, see
algorithm. For details of the distance coordinate
the illustrations in Figs. 1 and 2, and the following arguments.
and
denote a disk of
Let
centered at the origin. Obviously, the Jacobian
radius
inside this disk. We assume that the support of the
is contained in
. Let
radionuclide distribution
be the detected projection datum at point
on
denote its parallel-beam expression,
the detector, and
when
then
(4)
and
(5)
and
are different expressions of the
Notice that
same distance. But, the expressions of (1) are simpler than
those of (4) and (5).
is
, i.e.,
Suppose that the subtending angle of
, where
. To acquire complete projections for spatially varying focal length fan-beam geometry,
should rotate from
to
. Actually,
with
and
form a complete set.
In the discrete case of data acquisition, is evenly sampled
at
points and is evenly sampled on
at
in
points when using the distance coordinate
, where
satisfies
. In other words,
are
, where
,
detected on
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The radon transform
of
is also a
periodic
function with respect to the angular variable , its Fourier
expansion is
(7)
The relation between
as

and

is given in [9] and [10]
(8)
(9)

Fig. 3. The intersection points of the curves with the circles denote the
sampled array (lk ; j ), derived from sampled array (8j ; sk ), in the projection
space for spatially varying focal length fan-beam geometry with a function
D(s) = 2:0=cos (s), where (s) is given by (3). The radius of each circle
is determined by the distance variable lk of (4), given sk . The position on
each circle is specified by the angular variable  of (5), which is determined
by 8 and s. Given sk , each sampled point j on the circle lk is related to the
sample 8j by (5). Therefore, samples (lk ; j ) and (8j ; sk ) are related to each
other. This relationship can be applied to samples (lk ; j ) and (8j ; k ) for
angular coordinate. Given j , the line connecting all points (lk ; j ) is a curve,
in contrast to the straight line in Fig. 4. The radius difference (lk+1 lk )
increases when lk increases in Fig. 3, in contrast to the constant difference
of lk+1
lk in Fig. 4.

is the th order Chebyshev polynomial of the
where
is the derivative of
with respect to .
first kind and
Equations (8) and (9) are usually called the Cormack transform
and inverse Cormack transform, respectively. By (9), we can
from its radon transform
.
reconstruct the image
However, as pointed out in [10] and [11], (9) is unstable in a
numerical sense. To overcome this problem, a modified form
of (9) is then given in [10] and [11]

0

0

and
with
.
, where
For a specific focal-length function
is related to by (3), the sampled points
can be
, as shown in Fig. 3, where both and are
mapped to
and , respectively.
uniformly sampled with increments
or
are evenly
Notice that for every fixed
located on the corresponding circle in Fig. 3. Obviously, the
sampled array of Fig. 3 is less uniform than that of Fig. 4
for a parallel-beam geometry. Conventionally, the distance
is used to develop image reconstruction
coordinate
algorithms [6]–[8]. However, by our previous work [5], the
angular expression may have several benefits in developing
reconstruction algorithms for spatially varying focal length
fan-beam geometries. So, both coordinate expressions were
used in the computer simulations, as presented later.
III. THEORY
In this section, the basic theory for the proposed reconstruction algorithm and its implementation are presented.
A. Review of the Inverse Cormack Transform
denote the polar coordinate expression of the
Let
. Since it is a periodic function
radionuclide distribution
can be expanded as a
for the angular variable
Fourier series with respect to
(6)

(10)
where

is the th order Chebyshev polynomial of the second kind and
. (For details, see [10] and [11].) Rewrite (10) as

(11)
By an exponential transform, (11) can be expressed as a
convolution [11]. Therefore, a fast Fourier transform (FFT)
, the right side of
can be used to evaluate (11). When
at
. But from the
(11) contains a singular term
identity

(12)
is an even function, if
is conand because
, and the singularity is
tinuously differentiable,
avoided. This fact is very useful in numerical implementation.
and
It is noted that the computation of the derivative
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the exponential transform in [11] are required. Usually, the
is implemented through a difference
computation of
quotient which may generate extra errors. The nonlinearity
of the exponential transform may yield nonuniformity in the
reconstructed images. In order to minimize these errors, we
will develop an alternative version of the inverse Cormack
transform, instead of (11), to reconstruct the images.
It is also noted that the use of harmonic decomposition
technique for SPECT imaging was investigated in [12] where
the reconstruction was performed through the two-dimensional
(2-D) Fourier transform (FT) of the sinogram. The possible
application of the above angular harmonic technique for fanbeam geometry was mentioned in [13].

By the uniqueness of the Fourier series expansion, (14)
is equivalent to (9) or (11). In numerical implementation of (14), the main difficulty is calculating the term
. However, in practical applicaare usually sampled within a
tions, the projection data
certain bandwidth. Thus, one only needs compute the integral
in the interval
, where
is the bandwidth depending on the sampling interval. Then
we have

B. Alternative Version of the Inverse Cormack
Transform Considering the Bandwidth

(15)

Here we will develop a new algorithm for the implementation of the inverse Cormack transform that is different from
[12] and [13]. By this new algorithm, the computation of the
derivatives of the projection data can be avoided, and the 2-D
FT of the sinogram is reduced to a one–dimensional Fourier
series expansion. In particular, the numerical computation of
the new algorithm is efficient. Its performance is comparable
to the filtered backprojection (FBP) algorithm [1]–[3].
The derivation of (9) needs skillful integral calculations, as
shown in [9]. Here we notice that (9) can also be obtained
by the use of the central slice theorem. The radon inversion
formula can be rewritten as

If the Shepp–Logan filter is used, then

(16)
where

In an approximate form

(17)
can be
where
computed by an FFT. Equation (17) determines the same
solution (in the numerical sense) as (11) for reconstructing
using (6), but has several computational advantages as
mentioned before.
C. A Translation Property of Fourier Series
in (17) from the
To compute the Fourier coefficients
, a translation property of Fourier series
acquired data
is
is needed. This property is described below. Suppose
periodic function, then
can be expanded as
a
(18)
For every

can also be expanded as
(19)

(13)
denotes the th order Bessel function of the first
where
, we have
kind. Expanding

(14)

Then we have
(20)
Equation (20) indicates that computing the Fourier coefficients
is equivalent to computing the Fourier coefficients of
of
through a translation.
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D. Application to SPECT with Spatially Varying
Focal Length Fan-Beam Collimators
All above arguments are based on a parallel-beam geometry.
In this subsection, we will apply the previous procedure to
the reconstruction for a spatially varying focal length fanusing (6)
beam geometry. Reconstructing the image
, which
is equivalent to finding the Fourier coefficients
are expressed by (17). The first step of the reconstruction is to
. The acquired projeccompute the Fourier coefficients
in the angular coordinate or
tion data are expressed as
in the distance coordinate, both of which are different
from the desired form in (13), i.e.,

(21)

(or ) is illustrated in (4)
The relation between and
[or (1)]. From the translation property of (20), the Fourier
(or
) are equivalent to the
coefficients of
through a translation factor
Fourier coefficients of
(or
). Therefore, the Fourier coefficients
can be derived by the translation of the Fourier coefor
.
ficients of the acquired projection data
in (17) can be numerically calculated by
The integral
are
the trapezoidal rule. Thus, the Fourier coefficients
completely determined through (17).
Summarizing the above arguments, we have the following computational procedures for the image reconstruction
of spatially varying focal length fan-beam geometry by the
alternative expression (17).
is sampled on
1) For fixed
. Compute the FFT of
with respect to the index . After the translation
, we obtain the coefficients
. Similar processing stage can be followed when using the
.
angular coordinate
2) Computing the inverse FFT of the filter
with respect to the variable for fixed
and , we obtain
. Notice that this step can be
implemented before the data acquisition. The trapezoidal
rule or Simpson’s rule is used to compute the numerical
in (17). Thus
is obtained.
integral
can be computed
3) Given the coefficients
by the inverse FFT; see (6).
4) For visualization, interpolation is needed to interpolate
into its Cartesian expression
.

Fig. 4. The intersection points of the straight lines with the circles denote the
sampled array (lk ; j ) in the projection space for the parallel-beam geometry.
The position on each circle is specified by the angular variable  . The radius
of each circle is determined by the distance variable l. Both l and  are
uniformly sampled.

Because
i.e.,

, (22) and (17) are equivalent,
(23)

Therefore, the presented algorithm (17) can be regarded as an
implementation of the FBP method for spatially varying focal
length fan-beam geometry by harmonic decomposition and has
the similar numerical properties as the FBP algorithm. In other
words, the reconstruction on the sampled array of Fig. 3 by
the presented algorithm is similar to the reconstruction on the
sampled array of Fig. 4 by the FBP method.
Figs. 3 and 4 indicate that the distribution of sampled
points of a spatially varying focal length fan-beam geometry
is less uniform than that of parallel-beam geometry. In the
approximate sense, we could directly rebin Fig. 3 to Fig. 4 in
the radon space. But this rebinning may generate interpolation
errors and blur the reconstructed images. In this paper, this
kind of interpolation is avoided by the use of the Fourier series
translation. Therefore, it is expected that the developed algorithm should outperform the existing algorithms of rebinning
Fig. 3 to Fig. 4 for the complicated data acquisition geometry
of Fig. 1.
IV. COMPUTER SIMULATIONS

E. Comparison with the FBP Method of
Parallel-Hole Collimator
For the parallel-beam geometry, the FBP method is expressed as [1]

(22)

Several computer simulations were performed to investigate
the developed algorithm (17). In these simulations, a number
of computer-generated projection data sets of a mathematically
defined phantom was used. A display of the Shepp–Logan
phantom by 128 128 digitization is shown in Fig. 5. All the
reconstructed images will be displayed at the same digitization.
Projection Simulations: Simulations were performed for
both a conventional fan-beam collimation and two different
spatially varying focal length fan-beam geometries. In [5], the
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Fig. 5. The Shepp–Logan phantom by 128 128 digitization. This phantom
is the sum of the gray values of ten ellipses. Each projection of this phantom
can be analytically computed.

angular increments
and
were required to be the same.
But according to the sampling theory of [14], such sampled
points contain redundant information. Let be the bandwidth
[14] for a
in (15). To achieve the required resolution
and
in the
fan-beam geometry, the sampling intervals
angular coordinate should satisfy the following relations:
and

(24)

. The above sampling
In the distance coordinate
and .
requirements were used to determine both
was sampled at 128 points evenly
In the simulations,
, and the subtending angle
. Both the
spaced in
and the distance expression
angular expression
were used to perform the computer simulations, where and
were evenly sampled at 129 points over
and
, respectively. The projection data were analytically
computed from the Shepp-Logan phantom.
Reconstruction for a Conventional Fan-Beam Geometry:
For a conventional fan-beam geometry, the distance function
should be a constant. Here we choose
and
, see Fig. 1. The object region is inside a disk with
centered at the origin. When the object region is
radius
pixel units,
digitized into a 128 128 pixel array,
pixel units. Choosing
and the focal length
, we have, from (4) and (5)
and

(25)

The corresponding angular expressions are as follows, from (1)
and

(26)

. This collimator/detector configuration is
where
similar to that of the Trionix SPECT system.
The FBP method [2], [3] and the developed algorithm (17)
were applied to reconstruct the images using projection data
with equally spaced and equally spaced , respectively. The
reconstructed images are shown in Fig. 6. The computation
time was 7 s by the FBP method and 3 s by the proposed
algorithm. These algorithms were coded by Visual C
language in a Pentium II 266 PC computer. Here, the 3 s
of the proposed algorithm include the computation of the

Fig. 6. The reconstructed images for a conventional fan-beam geometry: (a)
and (b) by the FBP method, and (c) and (d) by the presented algorithm. The
image densities were normalized to grey scales [0,256]. Since the images by
the FBP method have large negative values, the zero background has risen by
a noticeable gray level. The sampling of (a) and (c) is equiangular, while the
sampling of (b) and (d) are equally spaced.

coefficients
. If these coefficients are precomputed, the
reconstruction time can be less than 3 s.
Notice that the different coordinate expressions yield
slightly different results. The simulations indicate that the
equiangular sampling yields better resolution than the equally
spaced sampling by the FBP method. The reconstructed image
in equally spaced sampling looks sharper than that with
equiangular sampling by the proposed algorithm, but contains
small edge artifacts. Fig. 6 indicates that the reconstructed
images by the presented algorithm have a higher resolution
than that by the FBP method for the same projection data.
Also notice that different artifacts appear in the reconstructed
images. The FBP method generates ray artifacts away from
the center outside the object region, while the presented
algorithm generates small ring artifacts outside the object
region. In other simulations (not shown), we found that the
should be chosen according to the sampling
bandwidth
resolution, otherwise the ring artifacts would be serious. To
compare the noise effect of the proposed algorithm with
that of the FBP method, Poisson noise was added to the
projection data. The total counts were approximately 8 10 .
The reconstructed images are shown in Fig. 7, where the
results indicate that the proposed algorithm outperformed the
FBP method.
Reconstruction for Spatially Varying Focal Length FanBeam Geometries: Two differently simulated spatially varying focal length fan-beam geometries were investigated. The
focal length functions are as follows;
;
1)
.
2)
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Fig. 7. The reconstructed images using equiangular sampling for the
fan-beam geometry in the presence of Poisson noise of (a) the FBP method
and of (b) the presented algorithm.

Function (I) was used in [8]. It increases slowly and linearly
uniformly increases. Function (II) increases fast and
when
uniformly increases. As discussed previnonlinearly as
ously, the spatially varying focal length fan-beam geometry
should have this property: The focal lengths increase from
a minimum at the center to a maximum at the edge of the
object. Thus the spatially varying focal length collimator has
good detection efficiency at the central region, and minimizes
the truncation at the boundary area. Both functions 1) and
2) have this property with different speeds of variation. In
the numerical simulations, the evenly sampled points of the
variable and were used for focal length functions 1) and
2), respectively. To avoid the computation of the Jacobian
or
of (2), numerical evaluation of
was used to compute the numerical
integral. The object region is still confined in a disk with
radius 2.0 units centered at the origin. The proposed algorithm
was tested for these two different acquisition geometries.
The reconstructed images are shown in Figs. 8 and 9. The
total counts were approximately 8 10 . The simulations
indicate that the proposed algorithm performs well for both
acquisition geometries. The time for each reconstruction was
3 s on a Pentium 266 PC. As demonstrated in [6]–[8],
the spatially varying focal length fan-beam geometry can
improve the detection efficiency and reduce the artifacts due
to the truncation of the projection data. The main reason of
choosing spatially varying focal length fan-beam geometry
is from physical considerations, and the goal of this paper
is to look for an efficient reconstruction algorithm, such
as (17).
V. DISCUSSION

AND

CONCLUSION

For parallel-beam projection data, the integrals in the right
side of (22) can be calculated sequentially. But if the acquisition geometry becomes complicated as shown in Fig. 1, it has
been proven [5] that we can not compute (22) sequentially,
so a double integration is necessary [7]. This indicates that
much more computation time is required. For example, if
and are all sampled as
points, then the total
(hereafter,
is a fixed
number of products in (22) is
constant depending only on a specific algorithm). In this
paper, a harmonic decomposition algorithm was developed to
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Fig. 8. The reconstructed images for the variable focal length function
D(s) = 2:5+0:8jsj using equally spaced collimation (a) without considering
the Poisson noise and (b) in the appearance of the Poisson noise.

Fig. 9. The reconstructed images for the variable focal length function
D( ) = 2:0=cos under equiangular sampling (a) without considering the
Poisson noise and (b) in the appearance of the Poisson noise.

reduce the computational burden. Since the FFT can be used
, the total number
to compute the Fourier coefficients
. If the coefficients
of products is reduced to
are computed before the data acquisition, the number
, the same level as that of the FBP
of products would be
method. Therefore, the presented harmonic decomposition
algorithm for spatially varying focal length fan-beam geometry
can have a similar computational efficiency as the FBP method
for parallel-hole collimators. In particular, it was found that
the computational time by the developed algorithm is less
than that by the FBP method for the conventional fan-beam
geometry when using 128 128 image arrays. It is also
noted that there exist differences between the reconstructions
with equiangular data sampling and with the equally spaced
data sampling. The presented simulations indicated that the
former sampling yields smoother images, while the later one
generates sharper images but containing small edge artifacts. In
addition to the complicated geometry, the proposed algorithm
is also new for both the conventional parallel- and fan-beam
geometries.
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