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Nonlinear Sinogram Smoothing for Low-Dose
X-Ray CT
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Abstract—When excessive quantum noise is present in extremely
low dose X-ray CT imaging, statistical properties of the data has
to be considered to achieve a satisfactory image reconstruction.
Statistical iterative reconstruction with accurate modeling of
the noise, rather than a filtered back-projection (FBP) with
low-pass filtering, is one way to deal with the problem. Estimating
a noise-free sinogram to satisfy the FBP reconstruction for the
Radon transform is another way. The benefits of the latter include
a higher computation efficiency, more uniform spatial resolution
in the reconstructed image, and less modification of the current
machine configurations. In a clinic X-ray CT system, the acquired
raw data must be calibrated, in addition to the logarithmic transform, to achieve the high diagnostic image quality. The calibrated
projection data or sinogram no longer follow a compound Poisson
distribution in general, but are close to a Gaussian distribution
with signal-dependent variance. In this paper, we first investigated
a relatively accurate statistical model for the sinogram data, based
on several phantom experiments. Then we developed a penalized
likelihood method to smooth the sinogram, which led to a set of
nonlinear equations that can be solved by iterated conditional
mode (ICM) algorithm within a reasonable computing time. The
method was applied to several experimental datasets acquired
at 120 kVp, 10 mA/20 mA/50 mA protocols with a GE HiSpeed
multi-slice detector CT scanner and demonstrated a significant
noise suppression without noticeable sacrifice of the spatial resolution.
Index Terms—Iterated conditional mode, low dose, penalized
weighted least square, sinogram smoothing, X-ray computed
tomography (CT).

I. INTRODUCTION

T

HE X-RAY exposure to patients has been a major concern
since the introduction of computed tomography (CT) in
the 1970s. It now represents the largest single source of radiation exposure because of its rapidly increasing use. Minimizing
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the radiation exposure to patients has been one of the major efforts in the CT field. Currently, low-dose CT has been applied in
several clinical cases. For example, the annual repeat screening
for lung cancer [1], and the CT-based attenuation correction for
PET/CT imaging [2], where 1) short total CT scan time and 2)
modulated mA parameter for variable body sections for acceptable CT image quality are considered.
It is well known that the quality of X-ray CT images will be
severely degraded by the quantum noise resulting from excessively low-dose scans (equivalently low mA value or low X-rays
delivery). Statistical image reconstruction, instead of the conventional filtered backprojection (FBP) with low-pass filtering,
utilizing the probability distribution of the detected photon energies is one way to deal with this problem. It requires an accurate/realistic statistical model of the whole system behavior
including the X-ray source, the object, and the detector. In the
previous work of Elbakri et al. [3], the detected photon numbers
were considered to follow a Poisson distribution plus a background Gaussian noise with zero mean. A penalized Poisson
likelihood was then maximized with respect to the image densities to reconstruct the object image. Recently, they refined the
likelihood model as a compound Poisson distribution as proposed by Whiting et al. [4], which accounts for both the energy spectrum of X-ray beam and the characteristics of the energy-integrating sensors in the X-ray CT detector [5]. Statistical
image reconstruction usually outperforms the FBP method with
low-pass filters as noise increases, because of a more accurate
noise model and penalty being incorporated. In practice, however, modeling the entire data-acquisition process exactly is extremely challenging. Furthermore, a sophisticated model often
leads to great difficulties in optimizing the associated complicated penalized-likelihood [5].
Another statistical image reconstruction strategy is to find
an optimally smoothed estimation of the noisy-data means, and
then reconstruct the object image from the estimated data means
by FBP, which is theoretically derived for the inversion of the
Radon transform. This statistical approach in sinogram space
is more computationally efficient than the statistical reconstruction through the image space and can result in a more uniform
and isotropic image resolution [6], [7]. Recently, La Rivière
et al. extended their nonparametric regression approach from
emission tomography to X-ray CT by fitting a one-dimensional
(1-D) profile for each scanning angle [8], [9]. They also modeled the detected photon numbers by the shift Poisson approximation [3]. Their results are promising. To consider the effect
of polyenergetic spectrum of the X-ray beam and the property
of energy integration in CT detector, further development may
be done accordingly.
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Different from the above two statistical approaches of modeling on the acquired raw data before system calibration with
iteration in the image space [3], [5], or with iteration in the
sinogram space [8], [9], we intend to model the calibrated
projection-data properties and estimate their means for the
Radon transform, so that the FBP can be applied for efficient
image reconstruction. The system calibration is a critical step
for generating high quality diagnostic images, which includes
detector uniformity calibration, beam nonuniformity and hardening corrections, logarithmic transform and etc. But, the
calibration alters the statistics of the acquired data, and makes
an accurate modeling intractable analytically. By our previous
work and others in the literature, the calibrated sinogram is
believed to approach to a Gaussian distribution, with nonlinear
signal-dependent variance [10]–[13]. In this paper, we further
analyzed a large amount of phantom experimental data and
obtained an analytical relationship between the variance and
the mean for the probability distribution function (PDF) of the
calibrated data. From this analytical relationship, a penalized
likelihood method was then derived for a two-dimensional
(2-D) sinogram smoothing and three-dimensional (3-D) image
reconstruction problem. The method was compared with the
conventional low-pass Hanning and Butterworth filters.

Fig. 1. Phantoms used in the repeated fixed-angle projections for noise
property analysis. Picture (a) is a quality assurance (QA) phantom. (b) A thorax
phantom.

II. THEORY
A. Noise Model
The sinogram data after system calibration were shown close
to a Gaussian distribution with a nonlinear mean-variance relationship for a nearly symmetrical cylinder phantom [11]. To further analyze the properties, we repeatedly scanned a very asymmetrical phantom at two fixed projection angles with a GE HiSpeed multislice CT scanner. The distance from the center of rotation (COR) to the curved detector is 408.075 mm. The detector
array is on an arc concentric to the X-ray source with a distance
between the X-ray source and the COR of 541.00 mm. The detector cell spacing is 1.0239 mm, and the slice thickness is 1.0
mm. All data studied in this paper were taken by the axial mode
rather than helical mode.
Thus, we have a total of three datasets for noise analysis:
first one is from the nearly symmetrical quality assurance (QA)
cylinder phantom, see Fig. 1(a), where 900 repeated projections
were acquired at 0 degree, operated with 120 kVp, 20 mA, and
acquiring speed equivalent to 1.0 s/rotation; the second and third
datasets were acquired from a thorax phantom, see Fig. 1(b),
where 984 repeated projections were taken at two fixed perpendicular angles (i.e., 0 and 90 ), respectively, with 120 kVp, 50
mA, and acquiring speed equivalent to 1.0 s/rotation.
For each dataset, we calculated the sample mean and sample
variance as the unbiased estimation of the parameters in the
and plotted them in Fig. 2, where deGaussian PDF
notes different detector channel (bin). Obviously a nonlinear deis seen in these datasets as shown
pendency between and
in each mean-variance plot. In Fig. 3, the log(variance) versus
mean were replotted for the same data, where we found that the
curves become several straight lines, and all of them have similar slopes, although the scanned objects and protocol settings
are quite different among these data.

Fig. 2. Mean-variance curves for the three datasets. (a) QA phantom scanned
at 0 , 120 kVp and 20 mA. (b) Thorax phantom scanned at 0 , 120 kVp, and
50 mA. (c) Thorax phantom scanned at 90 , 120 kVp, and 50 mA. Each point
in the plots represents the ( ;  ) value at detector bin i, which is estimated
by a large samples of mean and variance.

Based on the observations of Figs. 2 and 3, we proposed a
model for the data mean and variance relation as follows:
(1)
where can be obtained by linear fitting the slope of the data
shown in Fig. 3, and then can be calculated from (1). These
two parameters are object-independent, and are completely determined by the system setting.
It should be noted that this model is concurrent with the folis the line integral (Radon
lowing theoretical prediction. If
transform) of the object attenuation coefficients, i.e.,
(2)
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Fig. 3. Plot of log(variance)-mean for the three datasets. Note that their slopes
are almost same, although the data are acquired from different objects and with
different protocol settings.

where
and , represent the detected photon numbers in the
absence and presence of the body in the field-of-view (FOV),
respectively, and follow a Poisson distribution (if polyenergetic
nature is not considered), then it can be shown [14]
(3)
is the mean of the detected photon number
where
(2) and (3), we have

. From

Fig. 4. Coefficient f of the proposed formula for the mean-variance relation.
The upper dashed line was calculated from QA-phantom data acquired at 20
mA, and the lower dotted line was obtained from the average of f s of the two
thorax-phantom datasets acquired at 50 mA. Note the way that f varies with
the detector channel i is similar for these two different protocols.

It is noted that the variance estimated using the model above
is much more accurate than other estimation methods, such as
the local analysis—which computes both the mean and the variance by selecting a group of local pixels within a window on the
sinogram. To emphasis this, we provided an example by Fig. 6
using the QA phantom dataset, where the variance was calculated from local pixels within a window of 3 3 pixels, 5 5
pixels, and 7 7 pixels, respectively, and compared with the
sample variance (ground truth). Larger errors were observed in
many regions for the local analysis.

(4)
B. Maximum a Posteriori (MAP) Probability Estimation
The difference between the empirical formula (1) and the theoretical predicted formula (4) is the introduction of and ,
which are directly related to the scanning system and calibraand s are constant, the two fortion procedures. When
mulas are equivalent. Therefore, we can think of the parameter
as a scaling factor in the data calibration process, and s as
“anisotropic adjustable factors.” In practice, the X-ray generation is not uniform across the FOV, and the detector elements
may not uniformly respond to X-ray energies. All these practical issues add together and result in the variation of with bin
for
number . For the CT scanner used in this study,
both two protocols (20 and 50 mA), and s are shown in Fig. 4,
where we observed that s increased about 4.5 times when the
X-ray tube current lowered from 50 mA to 20 mA.
To validate the model above, we compared the experimental
sample variance (calculated from over 900 measurements) with
the variance predicted by (1) for one scan arbitrarily selected
from the whole samples. To apply (1), the mean of each bin
was first estimated locally with a window size of 3 3 pixels,
was calculated by (1) using the estiand then the variance
mated mean. The resulted variances from both the experimental
samples and the predictions were plotted together in Fig. 5 for
each dataset, where good consistency is seen for all the three
datasets of different configurations.

Based on the Gaussian noise model and the mean-variance
relationship, the above statistical estimation strategies can be
employed for an optimal smoothing of the whole noisy sinogram for their means (or the Radon transform). In this section,
we first briefly discuss the statistical framework of maximum a
posteriori (MAP) for image restoration. With the exponential relationship of the mean and variance, the maximization of the penalized likelihood function leads to a set of nonlinear equations.
Under certain conditions, the equation set can be solved by analytical technique [10]. In general situation, iterative technique is
a choice [15]. In this work, the iterated conditional mode (ICM)
algorithm [16] was employed, which is able to reach a local
maximal solution by a reasonable computing time.
One commonly used Bayesian approach in image restoration is the MAP estimation method, which provides a theoderetical means to incorporate prior information. Let
note the prior distribution for the unknown sinogram means
( is total number of pixels in the sinogram, and notation “ ” denotes the transpose operation). Let
be the calibrated sinogram
, the MAP
estimator is given by
(5)
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Fig. 6. Local variance analysis with window size 3 3 (dotted line),
5 5 (dot-broken line), and 7 7 (broken line) pixels, compared with the
experimental result (solid line) from the QA phantom dataset.

2

2

It can be assumed that the observation at each pixel is nearly
independent from other observations [12], so that the conditional probability of the observed or calibrated sinogram
given the mean image can be simply expressed as

(7)
A general model for the prior distribution
can be described by a Markov random field (MRF), which is characterized by the Gibbs distribution of [16]
(8)
where is a constant and is a weighting parameter. Notation
is an
square matrix, which has the low-pass property.
For the 2-D sinogram smoothing task, the core function of matrix is designed slightly different from others [18]
(9)
By this way, the sinogram is smoothed less in the angular direction than in the radial direction. This is based on the observation
on different correlative information along these two directions.
By taking the logarithm on (5), the MAP estimation becomes
a penalized weighted least square (WLS) optimization [15]
Fig. 5. Sample variances and predicted variances using local mean for all the
three datasets. (a) is from the QA phantom data. (b) is from the thorax phantom
scanned at 0 . (c) is from the thorax phantom scanned at 90 . The sample
variances are denoted by the same symbols as in Fig. 3, and the solid lines reflect
the predicted variances.

where the Bayesian formula has been used
(6)

(10)
where
denotes the cost function. The variance-covariance
matrix is diagonal with the th entry .
If the variance is irrelative to the mean , there is a simple
closed-form solution of
(11)
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If the variance is dependent on the mean as shown above, the
MAP estimation will result in a set of nonlinear equations, as
discussed below.
C. Algorithm for Solving the Nonlinear Equations
to

To minimize (10), we take the partial derivatives with respect
and obtain the following set of nonlinear equations

(12)
where is the pixel index in the sinogram, is the total number
of pixels, and
is determined by (9). The summation in the
last term comes from the neighborhood of pixel . Rearrange
with
, we have the following
(12), and substitute
iterative formula for the solution of the nonlinear problem, i.e.,
the ICM [16].

(13)
Implementation of the ICM algorithm is straightforward and
the associated computation is efficient.
1) Initialize the mean image with the observed data .
2) Update the mean image pixel-by-pixel based on (13)
by (1).
and the variance
3) Repeat step 2) until it converges to certain criteria, which
is usually determined empirically. Usually 10 iterations
are sufficient. The convergence after 10 iterations is not
proved theoretically, however, many numerical tests, including ours, did not show any divergence after 10 iterations for all the experimental data.
III. EXPERIMENTAL RESULTS
The proposed MAP sinogram smoothing with FBP image reconstruction method was tested by three experimental projection datasets acquired by the same CT scanner as described in
Section II. Different protocols of 120 kVp and 10 mA/20 mA/50
mA were used. The number of channels per view was 888 with
a total of 984 views evenly spanned on a circular orbit of 360
(i.e., a nonhelical mode). The detected photon counts were calibrated and log-transformed by the GE system, and the outputs
are the sinogram data. The sinograms were smoothed by the
presented MAP method and then reconstructed by a standard
fan-beam FBP (FFBP) algorithm. The results were compared to
those of FFBP reconstruction with low-pass Hanning and Butterworth filters with an optimized cutoff frequency.
A. Shoulder Phantom at 10 mA
The sinogram of the Shoulder phantom at 10 mA is quite
noisy in some regions (where X-rays have passed a long soft

Fig. 7. Shoulder phantom at 120 kVp, 10 mA. (a) is the reconstruction
result from the original noisy data by the FFBP method. (b) is the FFBP
reconstruction result with sinogram smoothing by the proposed method. (c) is
the FFBP reconstruction by Hanning filter with cutoff at f
Nyquist
frequency. (d) is the FFBP reconstruction by Butterworth filter with order 3 and
cutoff at f
Nyquist frequency.

= 10%

= 40%

tissue path and/or several bones), resulting in severe streak artifacts in the FFBP reconstructed image, see Fig. 7(a). By applying our smoothing method, these artifacts are almost eliminated, while the resolution is nearly preserved at the same time.
Some edges are even enhanced in some regions, see Fig. 7(b).
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method with that of the “ground truth” [see Fig. 1(a)], which is
obtained from reconstruction of averaged 19 repeated full-scan
data. The result of noisy data without any treatment is shown
in Fig. 9(b) as well. It can be found that the absolute value of
the profile of the proposed method is comparable to that of the
ground truth.
C. Thorax Phantom at 50 mA
When the X-ray exposure increases, the difference between
the statistical MAP denoising and the low-pass filtering in FBP
reconstruction becomes smaller. Fig. 10 shows the results for
a thorax phantom scanned with 120 kVp and 50 mA protocol.
However, it can still be observable that at the low noise level as
characterized by the root-mean-square error (rmse), the image
resolution of the proposed method is relatively better than that
of the low-pass filtering. In Fig. 10, a uniform region (of 400
pixels inside the square window) was selected to calculate the
signal-to-noise ratio (SNR), which is defined as mean/rmse, for
each image. The noisy FFBP image (without low-pass filtering)
has a SNR of 13.5. The FFBP with low-pass Hanning and Butterworth filters and our method were adjusted to have the same
SNR of 24.5. With the same SNR, the image of the proposed
MAP noise treatment method has relatively sharper edges.
IV. DISCUSSION AND CONCLUSION

Fig. 8. QA phantom at 120 kVp, 20 mA. (a) Reconstruction result from the
original noisy data by the FFBP method. (b) FFBP reconstruction result with
sinogram smoothing by the proposed method. (c) FFBP reconstruction by
Hanning filter optimized for the best noise-resolution tradeoff with cutoff at
f
Nyquist frequency. (d) FFBP reconstruction by Butterworth filter
Nyquist frequency.
with order 3 and cutoff at f

= 60%

= 30%

Obviously, a simple low-pass filtering by Hanning or Butterworth did not work well in this case, see Fig. 7(c) and (d), where
the cutoff frequencies were adjusted to achieve a visually best
result for their noise-resolution tradeoff.
B. QA Phantom at 20 mA
Second, we tested the sinogram smoothing method for the QA
phantom dataset acquired at 20 mA, where the X-ray exposure
is about twice of the previous 10 mA dataset. The results are
shown in Fig. 8. The subtle structures are clearly shown by our
method.
As a more quantitative evaluation, we also compared the profile of the reconstructed image [see Fig. 8(b)] generated by our

The low-dose CT technique developed in this paper is easy
to be implemented in the current pipeline of the CT system,
just adding one step of preprocessing before the FBP image reconstruction. It fully takes the advantage of the sophisticated
system calibration. The empirical formula for the variance and
mean relationship agrees with the theoretical prediction and describes the data (after calibration and logarithmic transform)
more accurately as compared to the variances estimated by local
windowing strategy. Therefore, a statistical smoothing method
based on this model is expected to be more effective than the
local window approach. Alternatively, the statistic properties
can also be modeled in the raw data space as described in [3],
[5], [8], [9], it may be an interesting research topic to combine
these elegant algorithms with the delicate machine calibrations.
and
In the proposed method, since the scaling factor
are system dependent, they may vary
anisotropic factor
with system designs, as well as data acquisition protocols,
for example, the tube current mA value, the detector rotation
speed, the slice thickness and the pitch value. Given certain
CT system, these two factors depend on the data acquisition
protocols. Based on our experiments above, the scale factor
is insensitive to the protocols. The anisotropic factor depends
proportionally on the count density (or the mA value in this
paper). Given several count densities (from variable protocols
of mA, rotation speed, and collimation thickness), this factor
can be determined. This is a research topic under progress.
Extension to helical mode, the pitch value will be included
in the analysis on count densities for determining the factor
. In summary, the pair
has to be determined from
several phantom acquisitions by variable protocols for variable
count densities. Once this is established, the noise reduction
technique is ready for implementation in current CT systems.
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Fig. 9. Profiles through the small strips in the QA images generated from (a) averaged 19 repeated full scan [see Fig. 1(a)]. (b) One noisy scan at 120 kVp, 20
mA [see Fig. 8(a)]. (c) Noisy scan smoothed by the proposed method [see Fig. 8(b)]. The profiles show that the absolute value of the reconstruction image after
our noise treatment is preserved.

Up to now, various forms of filtering techniques have been
developed to spatially smooth the projection data and/or the
reconstructed CT images, such as the adaptive trimmed mean
filter, the nonlinear anisotropic diffusion filter, etc. [19], [20].

Although they succeed in some degrees for noise reduction prior
or post to image reconstruction, their assumed noise model is
not justified in their applications and further application is then
limited. It has been shown that to treat the noise in low-dose
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nonlinear equation set for the penalized likelihood solution was
achieved. The estimated noise-free sinogram was efficiently reconstructed by the well-established FFBP method. The results
showed a dramatic improvement as compared to the reconstructions with and without the low-pass filtering techniques. The
gain is expected because that the proposed method explicitly
employs the signal-dependent variance property and smoothes
the data adaptively. It should be noted that the ICM algorithm
adapted in this paper for the nonlinear equation set, avoids directly solving for (12), which has exponential terms and is unstable. Instead, the variance is estimated in each iteration and
substituted for the exponential terms according to (1), which
makes the ICM algorithm more robust and efficient. The computing time for processing a sinogram of 888 984 pixels size
is about 10 s on a PC Pentium II platform of 550 Hz CPU.
This paper is based on the GE HiSpeed CT data after calibration and logarithm transform. Alternatively, one can also convert the calibrated sinogram data back to the raw data, then the
well-established Poisson algorithms could be applied [3], [5],
[6], [8], [9]. However, in the raw data space, we have to consider
the nonlinear logarithm transformation in some way, and loss
the system calibration benefit. In the calibrated data space, the
penalized weighted least-square approach [15] is another choice
for the statistical solution, which can be approached by either iterative means or analytical method [10].
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