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Noise Reduction for Low-Dose Single-Slice
Helical CT Sinograms
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Abstract—Helical computed tomography (HCT) has several
advantages over conventional step-and-shoot CT for imaging a
relatively large object, especially for dynamic studies. However,
HCT may increase X-ray exposure significantly. This work aims
to reduce the radiation by lowering X-ray tube current (mA)
and filtering low-mA (or dose) sinogram noise of HCT. The noise
reduction method is based on three observations on HCT: (1)
the axial sampling of HCT projections is nearly continuous as
detection system rotates; (2) the noise distribution in sinogram
space is nearly a Gaussian after system calibration (including
logarithmic transform); and (3) the relationship between the calibrated data mean and variance can be expressed as an exponential
functional across the field-of-view. Based on the second and
third observations, a penalized weighted least-squares (PWLS)
solution is an optimal choice, where the weight is given by the
mean-variance relationship. The first observation encourages the
use of Karhunen–Loéve (KL) transform along the axial direction
because of the associated correlation. In the KL domain, the
eigenvalue of each principal component and the derived data
variance provide the signal-to-noise ratio (SNR) information,
resulting in a SNR-adaptive noise reduction. The KL-PWLS
noise-reduction method was implemented analytically for efficient
restoration of large volume HCT sinograms. Simulation studies
showed a noticeable improvement, in terms of image quality and
defect detectability, of the proposed noise-reduction method over
the Ordered-Subsets Expectation-Maximization reconstruction
and the conventional low-pass noise filtering with optimal cutoff
frequency and/or other filter parameters.
Index Terms—Helical computed tomography, KL transforms,
penalized weighted least-squares, sinogram noise reduction.

I. INTRODUCTION
ELICAL/SPIRAL computed tomography (HCT) makes
it possible to scan adequately a vital organ volume in a
single breath-hold, thus problems related to patient motion can
be minimized. In recent years, HCT has replaced conventional
step-and-shoot or stop-and-shoot CT in many clinical applications. The helical scanning is of significant benefit for CT angiography and multi-phase abdominal imaging. Although HCT
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has many advantages, the effective dose of HCT can be up to
four times higher than that of a corresponding conventional stepand-shoot CT according to a recent report [1]. Minimizing X-ray
exposure to the patients has been one of the major efforts in the
CT field.
A simple and cost-effective means among many strategies to
achieve low-dose CT applications is to lower X-ray tube current
(mA) as low as achievable (for both helical and step-and-shoot
modes). However, the image quality of low mA acquisition protocol will be severely degraded due to excessive X-ray quantum
noise. In addition, it has been shown [2] that helical weighting
scheme in image reconstruction can result in non-uniform noise
in the CT images and increase noise level by 10%–40% relative
to the images reconstructed by the conventional step-and-shoot
CT. A high level and non-uniform image noise will affect lowcontrast detectability and other clinical assessment.
In this report, we present a Karhunen–Loéve (KL) domain
penalized-weighted least-squares (PWLS) filtering scheme
to reduce the noise of helical projections or sinograms after
system calibration (including logarithmic transform). The
scheme models the sinogram noise and considers the axial
sampling property of HCT. The statistical PWLS solution is
calculated analytically to achieve the maximum reconstruction
speed [3]. Computer simulations were performed, showing a
relatively uniform noise across the field-of-view (FOV) and a
satisfactory preservation of small structures, especially along
the axial direction, in the reconstructed images. These favorable
properties of KL-PWLS scheme could improve the detectbility
in low-contrast environment. Receiver operating characteristic
(ROC) study and Hotelling trace (HT) calculation confirmed
quantitatively this expectation.
II. METHODS
Our previous analyses [4]–[6] indicate that the calibrated projection data of low-dose CT follow approximately a Gaussian
distribution with an associated relationship between the data
mean and variance, which can be described by the following
analytical formula:

(1)
is the mean and
is the variance of the projection
where
is a scaling parameter and
data at detector channel or bin
is a parameter adaptive to different detector bins. Based on
the above noise properties of low-dose CT projection data, the
PWLS solution is a statistically optimal choice which is equivalent to maximizing the a posteriori probability of Gaussian

0018-9499/$20.00 © 2006 IEEE

WANG et al.: NOISE REDUCTION FOR LOW-DOSE SINGLE-SLICE HELICAL CT SINOGRAMS

noise distribution. Considering the nearly continuous axial sampling in spiral mode, the potential of KL transform for processing of correlative information can be realized. The KL transform can manipulate a sequence of somewhat correlated measurements into an ordered series of principal components and
provide a unique means for noise reduction, feature extraction
and de-correlation. This unique feature has been proved useful
in tomographic image reconstruction [7].
Therefore, we proposed a KL domain PWLS approach to
reduce the low-dose HCT noise in the sinogram space. In the
rotation projection
approach, we chose the neighboring
datasets for the KL transform which accounts for the most
correlative information among nearby measurements without
noticeable increase of computing time. For example, for a sperotation projection dataset or sinogram, one
rotation
cific
projection dataset before and another
rotation projection
rotation dataset were chosen to
dataset after the specific
perform the KL transform. By this implementation, the element
of the calibrated projection data
kl of the covariance matrix
can be calculated as [7]:

(2)
where

is the -th projection datum within -th

rotation,

(3)
and is the number of detector bins multiplied by the number
of views within a
rotation. From the covariance matrix, the
KL transform matrix can be calculated based on:

(4)
, where
is the -th eigenvalue of
In (4)
. The dimension of
was chosen as 3 3 for the most
nearby information, and the eigenvector in (4) can then be very
efficiently computed. Thus, the KL transform for the selected
neighboring slice sinograms can be expressed as:
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The first term in (6) is the weighted least-squares (WLS) measurement and the second term is the penalty which will be defined later. Notation , and are the -th component of the KL
transformed noisy and ideal sinograms, respectively, and notawas detion represents the transpose operator. Notation
fined before as the eigenvalue associated with the -th KL vector
and
is the diagonal variance matrix of . The inverse varican be estimated by [7]:
ance matrix

(7)
where
is the variance matrix of the projection at bin and
is the -th KL basis vector. For a given
pixel in the projection image, a 3 3 window was used to estimate the sample mean, then the estimated sample mean was
for the
employed by (1) to calculate the sample variance
weight
of a weighted least squares estimation. The penalty
weighting parameter for the PWLS estimation becomes the
in the KL domain [7], as expected. Its dependence on
ratio
the eigenvalue is favorable because the regularization parameter
varies adaptively according to the signal-to-noise (SNR) ratio
of each principal component. A smaller KL eigenvalue is usually associated with a principal component having a lower SNR
and, therefore, a larger regularization value should be used to
penalize this noisier component. In this study, a quadratic form
penalty is adapted in the sinogram space:

(8)
where index runs over all projections in the sinogram space,
represents the first order nearest neighbors of the th pixel in
is equal to 1 for
the KL transformed sinogram. The weight
the two neighbors along bin direction and 0 for the two neighbors along angular direction. By this design, the minimization
of the objective function (6) can be directly solved using LU decomposition [8] as shown below.
in the KL
Taking the derivative of (8) with respect to
domain, to minimize (8) becomes to solve from the following
tri-diagonal system of equations of

(9)
(5)
and is the KL transwhere is a matrix of dimension 3
rotaformed . Each row of is the vector of one complete
tion projection dataset.
For each KL component, the PWLS criterion was used to estimate the corresponding ideal sinogram. In general, the PWLS
criterion in the KL domain estimates the ideal sinograms by
minimizing the following objective function [7]:

(6)

For the tri-diagonal equation sets of (9), the solution of can be
computed analytically and efficiently through the procedures of
LU decomposition [8]. After the KL domain PWLS minimizawere inverse KL transformed, foltion, the estimated data
lowed by the well-established filtered backprojection (FBP) for
image reconstruction after interpolation to full scan [9].
The implementation procedure of the proposed KL-PWLS
filtering scheme for low-dose single-slice HCT sinograms is
summarized as following:
rotation projection dataset, the(
1) For a chosen -th
)-th and the (
)-th
rotation projection datasets are
selected for the KL transform.
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TABLE I
PARAMETER OF THE MODIFIED 3D SHEPP-LOGAN PHANTOM

2) Compute the spatial covariance matrix
from the serotation projection datasets or sinolected neighboring
grams according to (2).
3) Calculate the KL transform matrix according to (4).
4) Apply the KL transform on the selected neighboring sinograms.
5) Restore each KL component using the PWLS criterion.
6) Apply inverse KL transform on the restored data for the
roestimate of the ideal sinograms for the chosen -th
tation projection dataset.

Fig. 1. Transverse slice of the modified 3D Shepp-Logan phantom: (a) noise
free image; (b) noisy image by FBP with the Ramp filter; (c) FBP image with
the Hanning filter; (d) image reconstructed by the OSEM; (e) FBP image from
the PWLS smoothed sinogram without KL transform using a penalty parameter
5 10 ; and (f) FBP image from the KL-PWLS filtered sinogram with =
500. The display window level is 500,850.

2

III. RESULTS
Computer simulations were performed using a modified three
dimensional (3D) Shepp-Logan head phantom. Table I lists the
parameters of the ellipsoids (or objects) in the phantom of size
units , which was scaled and digitized into an array
mm (i.e., the voxel side size is 1 mm).
size of
The phantom was oriented with its -axis along the longitudinal (rotation) axis of the scanner. The transverse and sagittal
slices through the phantom center are shown in Fig. 1(a) and
Fig. 2(a), respectively. A single-slice detector band CT scanner
was considered. The longitudinal width of the detector band was
1 mm. The pitch for the scanning was chosen as 1.5:1. The detector band was on an arc concentric to the X-ray source with
a distance of 100 cm. The distance from the rotation center to
the curved detector band was 40 cm. The detector cell spacing
rotation, 512 fan-beam projection
was 0.9765 mm. For each
views each of 512 bins or channels were simulated as a sinogram. At a rotating angle and axial position , each projection
datum along a ray through the phantom was computed based on
the known densities and intersection lengths of the ray with the
geometric shapes of the objects in the phantom. A total of 170
sinograms along the axial direction were simulated. After these
ideal sinograms were computed, a signal dependent Gaussian
noise was added according to (1). These noisy sinograms were
then processed by different noise filtering methods and then re-

Fig. 2. Sagittal slice of the modified 3D Shepp-Logan phantom: (a) noise free
image; (b) noisy image by FBP with the Ramp filter; (c) FBP image with the
Hanning filter; (d) image reconstructed by the OSEM; (e) FBP image from the
PWLS smoothed sinogram without KL transform using a penalty parameter 5
10 ; and (f) FBP image from the KL-PWLS smoothed sinogram with =
500. The display window level is [500,850].

2

constructed into a 256 cubic image, respectively. Some of the
results are shown in Figs. 1, 2 and 3, where the reconstructions of a standard FBP (with the Ramp filter at the Nyquist frequency cutoff) and conventional FBP (with the Hanning filter
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Fig. 3. Vertical profiles drawn through the small objects of the sagittal images in Fig. 2.

at an optimal cutoff frequency of 50% Nyquist, at which the reconstructed image has a visually optimal tradeoff between noise
reduction and resolution preservation) are compared to the result from the KL-PWLS noise filtering, followed by the standard
FBP reconstruction. For the proposed KL-PWLS algorithm, the
value of the smoothing parameter was implemented ranging
gave visually opfrom 1 to 1000; among this range
timal result in the simulation study.
In addition to the comparison to the well-known low-pass
Hanning filter, the study was extended to include the well-established iterative OSEM (Ordered-Subsets Expectation-Maximization) reconstruction [11], as well as the PWLS minimization without KL transform. The ordered subsets were selected
according to the geometrical symmetry of the detector system
[12] with the number of projections in each subset equal to 8.
The initial estimate was set as uniform, and the iterative process
was terminated after initial convergence and before divergence.

The result at the 4th iteration is the best, by visual judgment, as
compared to those with less or more than four iterations, given
the know phantom.
Fig. 1 shows a transverse slice of the phantom and the reconstructed images by different noise filtering or suppressing
methods. Fig. 2 shows a sagittal slice of the phantom and the
reconstructed images by different noise filtering or suppressing
methods. It can be observed that the reconstructed image from
the KL-PWLS filtered sinograms shows a noticeable noise suppression and resolution preservation. This observation can be
confirmed by the profiles along the -axis of the phantom as
shown in Fig. 3. The low-pass Hanning filter could not reach
the KL-PWLS result by any choice of the cutoff frequency.
The OSEM could not generate the same quality result of the
KL-PWLS by any number of iterations. Less iteration generated lower resolution images. While higher iteration improved
the resolution, but generated more noisy images. This compar-

1234

ison suggests that higher low-contrast detectability could be
achieved by the presented KL-PWLS scheme as compared to the
optimized Hanning filter and iterative OSEM reconstruction.
We also present FBP results from smoothed sinograms
after minimization of a modified PWLS objective function
without the KL transform, where the modification was made by
extending the quadratic form penalty to include nearby pixels
along the -axis in the sinogram space and the minimization was
achieved by using iterative Gaussian-Seidel updating strategy
[13]. It can be observed from Fig. 1(e), Fig. 2(e) and Fig. 3(e)
that the results of PWLS without KL transform are generally
better than those of Hanning filter and OSEM reconstruction.
The results of PWLS without KL transform are somewhat
different from the results of the KL-PWLS algorithm. The
difference may be explained by the fact that in the KL-PWLS
algorithm the correlation among different slices is considered
by the KL transform while in the PWLS without KL transform
the correlation is considered by the quadratic form penalty.
This different performance due to the different treatment on
the correlation by the KL-PWLS and the PWLS without KL
transform is worth of further investigation. In the following
of this paper, we will only focus on the comparison studies of
the presented KL-PWLS algorithm with the well-established
Hanning filter and OSEM reconstruction algorithm.
To quantitatively evaluate the performance of the presented
KL-PWLS filtering scheme with comparison to the optimized
Hanning filter and OSEM reconstruction, observer studies were
performed using the ROC and HT merits.
A. ROC Study
One generally accepted method for evaluation of the performance of a medical imaging system or procedure is to evaluate
the ability of an observer to detect an abnormality. By the observer study, a variety of pairs of true positive fraction (TPF) and
false positive fraction (FPF) is generated as an observer changes
the confidence threshold, and a ROC curve is then drawn or
fitted from the obtained TPF and FPF [14]. Each ROC curve
describes the inherent discrimination capacity of an imaging
system or procedure. A common merit for comparing the ROC
curves is the area under the curve (AUC) or
. The filtering
scheme which generates a larger AUC usually reflects a better
detectability on abnormality.
To perform a ROC study, we carefully designed a low-contrast small lesion in the Shep-Logan phantom where the parameters of the lesion in the phantom are listed in the last row
of Table I. Fig. 4(a) shows a transverse slice of the phantom
that contains the lesion volume, as indicated by the “arrow” in
the picture. The noise-free sinograms of the phantom with and
without the lesion were computed, respectively, using the same
configuration and/or procedure as described in Part III above.
A total of 500 noisy realizations were generated from each of
the two sets of noise-free sinograms by adding signal-dependent Gaussian noise with variance determined by (1). Then these
noisy realizations were reconstructed by the OSEM algorithm
and the FBP with different noise filters: the optimized Hanning
filter and the KL-PWLS strategy, resulting in a total of 3,000
volumetric 256 cubic images. A typical reconstructed image
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Fig. 4. Transverse slice of the 3D Shepp-Logan phantom with a low-contrast
small lesion: (a) noise free image; (b) noisy image by FBP with the Ramp filter;
(c) FBP image with the optimized Hanning filter; (d) image reconstructed by
the OSEM after 4 iterations; and (e) FBP image from the KL-PWLS filtered
sinogram with = 500. The arrow in each image indicates the location of the
lesion. The display window level is [500,850].

slice of the phantom with lesion by different methods, respectively, is shown in Fig. 4.
ROC study was performed for two comparisons: (1) between
the KL-PWLS noise filtering and the Hanning filter; and (2)
between the KL-PWLS scheme and the OSEM reconstruction.
In each comparison, two images reconstructed by two different
methods respectively from the same noisy sinograms were presented in the same time for observers’ scoring. For each image,
an observer was asked to select one of the five categories of confidence: (1) definitely or almost definitely negative, (2) probably
negative, (3) possibly positive, (4) probably positive, and (5)
definitely or almost definitely positive [14]. The scores were analyzed using the CLABROC code [15] and resulted in four pairs
of FPF and TPF for each filtering method. Results for comparison of the KL-PWLS noise filtering and the Hanning filter were
plotted in Fig. 5. The fitted ROC curves by the binormal model
were also drawn in the figure. The area under the ROC curve
is 0.963 for the KL-PWLS scheme and 0.888 for the Hanning
filter. The one-tailed p-value is less than 0.005, which indicates
that the difference between these two filtering schemes is statistically significant. Fig. 6 shows the comparison results between
the KL-PWLS scheme and the OSEM reconstruction. The area
under the fitted ROC curve is 0.950 for the KL-PWLS scheme
and 0.871 for the OSEM reconstruction. The one-tailed p-value
is less than 0.005, indicating a statistically significant difference
between these two methods.
In the above two ROC comparisons, the AUCs for the
KL-PWLS scheme are slightly different from each other, reflecting the variation of observer’s performance over different
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Fig. 5. Results of ROC evaluation and the fitted ROC curves of the binormal
model. The solid line (and circles) represents the result of the KL-PWLS scheme
and the dashed line (and crosses) stands for the result of the Hanning filter.
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(single photon emission computed tomography) using high-resolution fan-beam collimator versus parallel-hole collimation.
Several other applications have also been reported recently.
For example, Han et al. [19] employed the HT calculation to
measure the gain by varying focal fan-beam collimation over
parallel-hole geometry in quantitative chest SPECT. Li et al.
[20] applied the HT calculation to measure the similarity of
iterative and analytical reconstruction of quantitative brain
SPECT considering Poisson noise, non-uniform attenuation
(absorption and scatter) and point spread function (PSF) variation. All these computer-based observer studies concur with
the human ROC results.
The mathematical formalism for calculating the HT is outclasses of images, random samples are
lined below. For
be the -th sample from
drawn to calculate the HT. Let
class , where
and
, and
be the number of samples from class . Also suppose
that the probability density function of occurrence for the
is
. Define the inter-class scatter matrix
sample
and intra-class scatter matrix
as follows:

(10)
(11)
where

(12)
Fig. 6. Results of ROC evaluation and the fitted ROC curves of the binormal
model. The solid line (and circles) represents the result of the KL-PWLS filtering scheme and the dashed line (and crosses) stands for the result of the
OSEM algorithm.

time periods and different image-review settings. This variation is dramatically smaller than the difference between the
KL-PWLS and the low-pass Hanning filter or the OSEM algorithm. Both the optimized Hanning filter and OSEM algorithm
performed similarly in detecting the small abnormality in this
low contrast environment.

is the a priori probability of occurrence of class
samples;

in all the

(13)
is the mean image of class ;

(14)

B. Hotelling Trace Calculation
Computer-based observers mimicking human observers have
been proposed to alleviate the need for observers’ interactions.
One of these methods is the Hotelling observer for comparison of two imaging systems or procedures. In this method,
the Hotelling trace [16], which is a measure of object class
separability based on the first and second-order statistics, is
used to evaluate the ability of a system in separating between
classes. In fact, Fiete et al. [17] found that the HT correlates
with human performance in liver defect detection and Wollenweber et al. [18] recently implemented the HT to evaluate
the potential increase in defect detection in myocardial SPECT

is the mean of mean class images which is also the grand mean
of all images; and

(15)
is the covariance matrix for the -th class. With the above definitions, the HT is defined as:
(16)
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TABLE II
HOTELLING TRACE J CALCULATION FOR FBP RECONSTRUCTED IMAGES BY
KL-PWLS, OSEM AND HANNING FILTER

From the above definitions, the dimension of the scatter matrices is equal to the number of pixels (or voxels) in the image,
which is huge. The main difficulty in calculating value thereis singular if the
fore lies in inverting the matrix . Matrix
number of sample images is less than the number of voxels in
the image. The requirement that the number of sample images
be not less than the number of voxels in the image would consume too much disk storage or computer memory. Abbey et al.
[21] suggested the use of subsets of the images, instead of the
whole images, to reduce the amount of required space or data to
calculate the value.
The HT value was then calculated using the above formalism with the images reconstructed in the previous section.
The two classes of reconstructed images are those with and
without the lesion respectively. In the first HT calculation the
images of the presented KL-PWLS filtering scheme was used.
In the second HT calculation the images of the low-pass Hanning filter was used. In the third HT calculation the images of the
OSEM reconstruction was used. Different sizes of ROI (region
of interest) containing the lesion were chosen for the calculation
of the HT, and the results are shown in Table II. As shown in the
table, the HT values of the KL-PWLS filtering scheme are
larger than the values of the Hanning filter and OSEM algorithm
no matter what size of ROI was chosen. These results concur
with the ROC measures and indicate that the KL-PWLS scheme
can outperform the optimized Hanning filter and the OSEM reconstruction in terms of low-contrast lesion detectability.
IV. DISCUSSION AND CONCLUSION
In this study, we presented a KL domain PWLS scheme to
treat the noise in low-dose single-slice HCT sinograms. The
presented scheme modeled the noise properties (of the first and
second statistical moments) of the low-dose CT sinograms and
considered the non-stationary PWLS weights or variance. The
solution of the KL-PWLS scheme was calculated analytically.
The KL transform was first applied along the neighboring sinograms to utilize the correlative information along the axial direction of the helical sampling. Then the PWLS objective function
was minimized adaptively to estimate the ideal projection data
for each KL component.
To achieve direct or analytical solution for maximum efficiency in computation, the penalty weights along the angular direction was set to zero which means only penalty among neighboring detector bins was considered in each KL component. One
could consider the penalty along the angular direction by setting
in (8) for those two nearest neighbors
the weighting value
along the angular direction to be non-zero. By this design, the
sets of linear (9) will no longer be tri-diagonal so that a direct

analytical solution through the LU decomposition may not be
tractable because a huge memory space is needed in the LU decomposition procedure. However, the KL-PWLS solution can
still be calculated efficiently by iterative strategy, such as the iterated conditional mode (ICM) algorithm [6]. The effect of different penalties on the KL-PWLS solution by either the direct
KL analysis or an indirect a priori constraint in the sinogram
space needs further investigation.
The KL-PWLS minimization were executed on a PC with
Pentium IV processor of 2.4 GHz CPU and 1.5 GB RAM. It
took 140 seconds for the KL-PWLS minimization procedure to
array
filter the whole sinogram volume of
size. The computational efficiency can be further improved by
parallel computing the independent KL components. The iterative OSEM reconstruction from the noisy sinogram volume to
256 cubic image array consumed 5,355 seconds for 4 iterations.
Quantitative evaluation by ROC study and HT calculation revealed that the presented KL-PWLS scheme can outperform the
iterative OSEM reconstruction with an optimal number of iterations and the low-pass Hanning filter with an optimal cutoff
frequency in terms of lesion detectbility in low-contrast environment. The above results can be explained as follows. The
low-pass Hanning filter is spatially invariant and indistinguishably smoothes the noise and edge information. Therefore, it reduces the noise level at the cost of proportional loss of the edge
details. Although the OSEM algorithm weights optimally the
ratio of the measured datum and the reprojected datum by the
corresponding projection matrix element, it still fits each (assumed independent) measured datum and does not have a noise
control mechanism. It has been well-recognized that a penalty
is needed for a Bayesian iterative reconstruction [13]. For example, Sukovic et al. [22] explored PWLS reconstruction for
dual-energy X-ray CT. Elbakri et al. [23] investigated an iterative algorithm to maximize a penalized-likelihood function,
which incorporates polyenergetic nature of the X-ray source, for
CT image reconstruction. Thibault et al. [24] extended the iterative algorithm to reconstruct HCT images.
It was shown in [24] that penalized iterative reconstruction
methods may offer a better image quality as compared to the
conventional FBP reconstruction (using a low-pass or other filters). This gain by the penalty is expected. However, for all of the
fully iterative image reconstruction methods, the minimization
of their objective functions in the image domain can be computationally intensive for CT applications of large volume datasets
because the reprojection and backprojection cycle through the
image domain is involved and the reprojection and backprojection cycle is very time consuming. The presented KL-PWLS
scheme also minimizes a penalized cost function, but in the sinogram space by an analytical means for computing efficiency.
Modeling the same data statistics by both iterative means in
the image domain and analytical means in the sinogram space
for quantitative SPECT application has shown a similar reconstruction quality, but at significantly different speeds [20], [25].
Such comparison study for CT application is an interesting research topic and is currently under progress. Furthermore, iterative calculation of a penalized cost function in the sinogram
space can also be computationally efficient [6], [26]–[28], and
is also worthy for further investigation.
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