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Multiscale Noise Reduction on Low-Dose CT
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Abstract–Low-dose protocol for computed tomography (CT)
scans has been gradually used in clinics to lower the radiation
exposure for mass screening. However, the high noise during
data acquisition (and therefore degraded image quality) impairs
diagnostic accuracy. This work explores a multiscale approach
to reduce non-stationary Gaussian noise in low-dose CT
sinograms by wavelet analysis. To explore the noise property in
wavelet domain, statistical analysis on the distribution of wavelet
coefficients was performed with different basic functions, using
computer simulation. A stationary wavelet transform was chosen
to alleviate the Gibbs ringing effect caused by thresholding
process with orthogonal basic functions. A Bayesian analysis was
applied to estimate the local variance at each decomposed scale so
that noise reduction on the wavelet coefficients becomes adaptive
to each scale.
Both computer simulations and phantom
experiments were performed to show the potential of the
presented local-adaptive stationary wavelet transform for lowdose CT. Comparing with traditional smoothing filters and
wavelet-based thresholding denoising methods, the proposed
method demonstrated noticeable improvement on noise reduction
and edge preservation of low-dose CT images.

I. INTRODUCTION
Tomography (CT) technology has been widely
Computed
used in clinics. However, higher radiation dose confines

its further application for mass screening such as the
examination of people under higher risk of lung cancer, and
that of children. To lower the radiation exposure, low-dose
protocols have been used clinically as an alternative for above
situations [1]. However, the noise existed in low-dose CT
images not only decreases the image quality and the accuracy
of the diagnosis, but also increases the difficulties in image
analysis and post-processing. To improve the image quality of
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low-dose CT imaging, statistical iterative reconstruction with
accurate modeling of the noise, rather than a simple filtered
back-projection (FBP) with low-pass filtering, is one way to
deal with the problem, such as the work of Elbakri et al [2, 3].
Estimating a noise-free sinogram to satisfy the FBP
reconstruction for the Radon transform is an alternative
approach [4, 5]. The former approach usually outperforms the
FBP method because of a more accurate noise model and
penalty being incorporated, as noise increases. However,
modeling the entire data-acquisition process exactly may be
challenging, as well as the optimization of associated
penalized-likelihood minimization [3]. The benefits of the
latter alternative include higher computational efficiency,
more uniform spatial resolution in the reconstructed image,
and less modification of the current machine configurations.
It has shown the potential for noise reduction and edgepreservation in low-dose CT imaging.
Our previous study has indicated that the calibrated
sinogram data of low-dose CT follow approximately a
Gaussian distribution with non-stationary variance [5, 6].
Single-scale treatment of the noise may not fully utilize its
statistics and limit the performance of denoising. The success
of using wavelet theory on multiscale image analysis and
restoration [7, 8] has inspired our attempt for multiscale
restoration of low-dose CT projections. However, most of the
previously developed wavelet-based denoising algorithms
assume a Gaussian white noise for the data and estimate the
local statistics of image pixels from their neighbors, which is
not valid for the low-dose CT sinograms, where the noise is
not white.
In this paper, a multiscale approach to reduce non-stationary
Gaussian noise by wavelet analysis is presented. It integrates
the noise properties of low-dose CT projections with
multiscale decomposition of wavelet transform. A stationary
wavelet transform is utilized to alleviate the ring artifacts
caused by thresholding with the orthogonal basic functions. A
Bayesian analysis is applied to estimate the local variance at
each decomposed scale level, so that noise reduction on the
wavelet coefficients becomes adaptive at each scale level.
Both computer simulations and phantom experiments were
performed to show the potential of the presented method for
noise reduction of low-dose CT projections.

5339

II. METHODS
A. Noise Model of Low-dose CT Projections
Our previous analysis [5, 6] has indicated that the calibrated
projection data of low-dose CT follow approximately a
Gaussian distribution with an associated relationship between
the data mean and variance, as shown in Fig.1. The data used
for analysis were obtained from repeated scans of two physical
phantoms, a nearly symmetrical cylinder phantom QA
(Quality assurance) and an asymmetrical shoulder phantom, at
different fixed projection angles with a GE HiSpeed multislice
CT scanner. Based on the observation and statistical analysis,
the nonlinear mean-variance relationship can be described by
the following analytical formula:

σ i2 = f i × exp( λ i / η )

vertical and diagonal directions, respectively. These sub-band
images would have the same size as that of the original image
because no down-sampling is performed during the wavelet
transformation [10]. In this study, the orthogonal wavelet
filter [10] was applied to perform multi-layer stationary
wavelet transform on a 2D image.

(1)
2

where λi is the mean and σi is the variance of the projection
data at detector channel or bin i, η is a scaling parameter and fi
is a parameter adaptive to different detector bins.

Fig. 2. Stationary wavelet decomposition of a two-dimensional image.

Fig. 1. Mean-variance curves for three datasets. (a) QA phantom scanned
at 0°, 120 kVp and 20 mA. (b) Thorax phantom scanned at 0°, 120 kVp, and
50 mA. (c) Thorax phantom scanned at 90°, 120 kVp, and 50 mA.

B. Stationary Wavelet Decomposition
Wavelet transform has been widely used in the field of
image processing such as denoising, compression and
segmentation due to its inherent time-frequency characteristics.
Though wavelet-based denoising provides multi-scale
treatment of noise, down-sampling of sub-band images during
decomposition and the thresholding process of wavelet
coefficients may cause edge distortion and Gibbs ring artifacts
in the reconstructed images [9, 10]. To alleviate the limitation
of the traditional wavelet transform, multi-layer stationary
wavelet transform [10], which is based on orthogonal basic
functions, was adapted in this study, as illustrated in Fig. 2.
In Fig.2, Hj and Lj represent high-pass and low-pass filter at
scale j, resulting from interleaved zero padding of filters Hj-1
and Lj-1 (j>1). LL0 is the original image and the output of
scale j, LLj, would be the input of scale j+1. LLj+1 denotes the
low-frequency (LF) estimation after the stationary wavelet
decomposition, while LHj+1, HLj+1 and HHj+1 denote the highfrequency (HF) detailed information along the horizontal,

C. Noise Property in the Wavelet Domain
From our previous experimental studies, we have learned
the noise properties of low-dose CT projections empirically
[6], e.g., see Fig. 1. In order to incorporate the noise properties
into technical development of the denoising framework using
the wavelet transform, the distribution of the signal and noise
in the wavelet domain should be analyzed first. As shown in
Fig. 3, 1,000 realizations or simulations of the low-dose CT
noise (Fig. 3b) with the mean-variance curve (Fig. 3a)
following the non-linear relationship of Eq. (1) were generated,
and their wavelet decompositions with different basic
functions were performed and compared to learn the noise
properties in the wavelet domain.

(a)

(b)

Fig. 3. Spatial distribution of simulated noise. (a) Noise variance. (b)
Distribution of non-stationary noise.

Fig. 4 shows the noise distribution of different wavelet
coefficients, and Fig. 5 compares the noise variances between
the original image and the wavelet coefficients. Fig.6
compares the noise-free wavelet coefficients with the mean of
noisy coefficients estimated from 1000 realization. The linear
relationship between these coefficients is very clear. The three
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figures indicate that the noise distribution of wavelet
coefficients is still follow Gaussian distribution approximately
and the noise variance of wavelet coefficients is almost the
same as that of the original noise. Therefore, adaptive
thresholding based on Bayesian estimation would be
applicable for the treatment of non-stationary Gaussian noise
in wavelet domain.

where f n ( x, y ) denotes the measured image, f ( x, y ) denotes
the ideal image, and n( x, y ) is a Gaussian noise with zero
mean and variance of σ n2 ( x, y ) . After wavelet transform, it
becomes:
(3)
WT ( f n ( x, y)) = WT ( f ( x, y)) + WT (n( x, y)) .
From noise analysis in wavelet domian above, Eq. (3) could
be rewritten as:
(4)
WT ( f n ( x, y )) = WT ( f ( x, y )) + n( x, y )) .
Assume that the wavelet coefficient of the ideal image
2
follows the Gaussian distribution N (0, σ ( x, y ) ) , then its variance

σ (2x , y ) could be estimated using the maximum likelihood (ML)
(a)

(b)

(c)

criterion from the wavelet coefficient of the measured data
[11], as shown below:

(d)

⎧⎪
1
⎪⎩ N ( x, y)

σˆ (2x, y) = max⎨0,

Fig. 4. Noise histogram of wavelet coefficients (sym20). (a) Noise
distribution, (b) LF component, (c) horizontal HF, and (d) diagonal HF.

∑[WT( p, q)]

2

( p,q )∈N( x , y )

⎫⎪
− σ n2 ( x, y)⎬ (5)
⎪⎭

where N(x,y) is the neighborhood of pixel (x,y), and N ( x, y )
represents the total number of pixels in N(x,y). As discussed
before, variance σ n2 ( x, y) could be estimated from data mean

(a)

(b)

(c)

Fig. 5. Comparison of noise variances between the original image (denoted
by ‘o’) and the wavelet coefficients (denoted by ‘*’) (sym20). (a) LF
component, (b) horizontal HF, and (c) diagonal HF.

using Eq. (1). Since the sinogram data of low-dose CT reflect
the line integral of the image densities and fluctuate slowly,
we can filter the calibrated low-dose sinograms with the mean
filter to obtain a “rough” estimation of the ideal sinograms for
the purpose of estimating the noise variance using Eq. (1).
After the estimation of σ n2 ( x, y ) and σ ( x , y ) , a Bayesian
estimation of the ideal wavelet coefficient could be obtained
from [12]:
2

WTˆ ( f ( x, y)) =

Fig. 6. Scatter-plot of the noise-free wavelet coefficients with the mean
estimated from noisy coefficients of 1000 realization.

D. Local Adaptive Stationary Wavelet Transform for Lowdose CT Sinogram
Considering the feature and distribution of the nonstationary noise wavelet domain, we propose, based on the
stationary wavelet, a local adaptive de-noising strategy below.
Suppose that the measurement model of calibrated
projection data could be expressed as:
(2)
f n ( x, y) = f ( x, y) + n( x, y)

σˆ (2x, y )
σˆ (2x , y ) + σ n2 ( x, y)

WT ( f n ( x, y ))

(6)

Implementation of the multiscale adaptive denoising
method is summarized as follows:
1) Filter the calibrated low-dose sinogram by mean filter to
obtain a “rough’ estimation of the ideal sinogram.
2) Estimate the noise variance from the estimated “rough’
mean in 1) according to Eq. (1).
3) Apply the stationary wavelet decomposition to the noisy
sinogram with the orthogonal basic functions [10]. In this
work, level j is set to 2.
4) Restore the wavelet coefficients at different levels by the
Bayesian estimation according to Eq. (6).
5) Perform inverse wavelet transform on the estimated
coefficients for the de-noised sinogram.
6) After sinogram filtering with the proposed algorithm,
reconstruct the low-dose CT image from the de-noised
sinogram by the classical FBP algorithm.
III. RESULTS
A. Computer Simulation Study
To evaluate the proposed method quantitatively, the SheppLogan digital phantom (Fig. 7a) was used. The noise-free
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sinogram of the phantom is shown in Fig. 8a. To simulate the
non-stationary noise existed in low-dose CT sinograms,
Gaussian noise following the nonlinear relationship of Eq. (1)
was added to the ideal sinogram, as shown in Fig. 8b.

respectively, and the symbol WCLA indicates the proposed
method. From the noise-resolution distribution of different
methods, it could be clearly seen that WCLA outperforms
others not only on noise reduction, but also on edgepreserving.
TABLE I
CALCULATED PSNR FOR DIFFERENT SMOOTHING METHODS

Soft
Hard
Proposed
Filter Ramp Mean Median Wiener
thresh- threshmethod
type filter filter
filter
filter
olding olding
(a)
(b)
(c)
Fig. 7. Transverse slice of (a) the Shepp-Logan phantom, the FBP
reconstructions (b) from noisy data and (c) from filtered data by proposed
method.

PSNR 18.97 19.67

21.71

23.75 21.05

20.83

24.66

(a)
(b)
(c)
Fig. 8. Simulated projection data using the Shepp-Logan phantom. (a)
noise-free sinogram, (b) noisy sinogram, (c) filtered sinogram by the proposed
method.

The noisy sinogram was filtered with the proposed method,
as shown in Fig 8c. Transverse slices of the phantom, the
noisy sinogram and the filtered sinogram, which were
reconstructed by the FBP with ramp filter cutoff at 100%
Nyquist frequency, are shown in Fig. 7. From Figures 7 and 8,
it indicates that the proposed method could treat the nonstationary noise effectively.
To compare the denoising performance of different
denoising methods quantitatively, the noisy sinogram was
treated by the mean filter (with window size of 3x3), the
median filter (window size 3x3), the Wiener filter, the hardthresholding wavelet denoising, the soft-thresholding wavelet
denoising [13], and the proposed method, respectively. We
define the signal-to-noise ratio (SNR) of the filtered image as:
2
(7)
PSNR= 10 log10 ( 255 )
MSE
M N
where MSE= 1
( X (i, j ) − P(i, j ) 2 ) , X(i,j) , and P(i,j)
∑∑
M * N i =1 j =1
denote the noise-free image and
the filtered image,
respectively, of size MxN. The calculated PSNRs using
different smoothing methods are listed in Table I. It indicates
that the proposed method has the highest value compared to
other filtering methods, suggesting an improved treatment on
the non-stationary noise.
In addition to PSNR comparison, the noise-resolution
tradeoff curve of different denoising methods is illustrated in
Fig. 9, where the symbol ramp stands for FBP with ramp filter,
wavelet1 denotes the hard thresholding in wavelet domain,
han and hamming represent Hanning and Hamming filters,

Fig. 9. Noise-resolution tradeoff for different denoising methods.

B. Phantom Experimental Study
To show the effectiveness of the proposed multiscale noisereduction method, two physical phantoms, QA and shoulder
phantoms which were described previously in Section 2.1,
were scanned using a GE multi-slice spiral CT with fan-beam
curved detector arrays. The number of bins per view is 888
with 984 views evenly spanned on a circular orbit of 360°.
The detector arrays are on an arc concentric to the X-ray
source with a distance of 949 mm. The distance from the
rotation center to the curved detector band is 408.075 mm and
the detector cell spacing is 1.0239 mm. The scanning
parameters were set to low-dose protocol with the tube voltage
at 120 kVp and tube current at 10 mA.
Fig. 10 shows the reconstructed images of the QA phantom
after smoothing with different methods, where Fig. 11
represents the reconstructed images of the shoulder phantom
using different filters. Both figures indicate the potential of
the proposed method for treatment of the non-stationary
Gaussian noise existed in low-dose CT sinograms. The local
adaptive Bayesian estimation based on the stationary wavelet
transform demonstrates noticeable improvement on noise
reduction, while maintaining the diagnostic image qaulity with
edge preservation.
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(e)

(f)

Fig. 11. Reconstructed images of the shoulder phantom using different
filtering methods. (a) FBP with ramp filter, (b) FBP with mean filter, (c) FBP
with median filter, (d) FBP with Wiener filter, (e) wavelet thresholding
smoothing, (f) the proposed method (window size: 5x5).

IV. DISCUSSION AND CONCLUSION

(a)

(b)

(c)

(d)

(e)

(f)

Fig. 10. Reconstructed images of the QA phantom using different filtering
methods. (a) noise-free phantom, (b) FBP with ramp filter, (c) FBP with
mean filter, (d) wavelet thresholding smoothing, (e) the proposed method
(window size: 5x5) (f) the proposed method (window size: 9x9).

With the explicit expression of the relationship between the
noise variance and data mean in low-dose CT sinogram, we
proposed a multiscale adaptive method for restoration of the
low-dose CT sinogram. The low-dose CT sinogram was
decomposed into different resolution levels using the
stationary wavelet transform, and a Bayesian criterion was
applied to restore the wavelet coefficients at each
decomposition level. The use of Bayesian estimation at each
decomposed scale enables the noise reduction of wavelet
coefficients adaptive at each level, while the use of stationary
wavelet alleviates both the down-sampling problem and the
Gibbs ringing effect caused in thresholding process. The
multiscale denoising method not only utilizes the statistical
information of the sinogram data [4, 5], but also considers the
characteristics of the signals from a multiscale or multiresolution view [7]. Quantitative analysis on SNR and noiseresolution tradeoff demonstrates that it outperforms singlescale approaches because of its adaptive nature to the signal
and noise distributions in the wavelet space.
The minimum MSE (MMSE) criterion has advantage in
variance estimation from local statistics, but does not fully use
the known non-stationary Gaussian property of the low-dose
CT. More research effort should be devoted to improve the
estimation of the wavelet coefficients. In addition, further
investigation on the selection of the basic functions and the
determination of the decomposition scales is under
investigation.
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