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ABSTRACT
In the past decades, analytical (non-iterative) methods have been extensively investigated and developed for the
reconstruction of three-dimensional (3D) single-photon emission computed tomography (SPECT). However, it
becomes possible only recently when the exact analytic non-uniform attenuation reconstruction algorithm was derived.
Based on the explicit inversion formula for the attenuated Radon transform discovered by Novikov (2000), we
extended the previous researches of inverting the attenuated Radon transform of parallel-beam collimation geometry to
fan-beam and variable focal-length fan-beam (VFF) collimators and proposed an efficient, analytical solution to 3D
SPECT reconstruction with VFF collimators, which compensates simultaneously for non-uniform attenuation, scatter,
and spatially-variant or distance-dependent resolution variation (DDRV), as well as suppression of signal-dependent
non-stationary Poisson noise. In this procedure, to avoid the reconstructed images being corrupted by the presence of
severe noise, we apply a Karhune-Loève (K-L) domain adaptive Wiener filter, which accurately treats the nonstationary Poisson noise. The scatter is then removed by our scatter estimation method, which is based on the energy
spectrum and modified from the triple-energy-window acquisition protocol. For the correction of DDRV, a distancedependent deconvolution is adapted to provide a solution that realistically characterizes the resolution kernel in a real
SPECT system. Finally image is reconstructed using our VFF non-uniform attenuation inversion formula.
Keywords: Analytical reconstruction, non-uniform attenuation, Poisson noise reduction, scatter, distance-dependent
resolution variation, attenuated Radon transform, and variable focal length fan-beam geometry.

1. INTRODUCTION
SPECT is a cost-effective functional imaging modality and aims to reconstruct an image of the uptake distribution
within the tissues or organs of radiopharmaceutical or radiotracer, which is injected intravenously into the patient. The
reconstruction is based on the measurement of radiation emitted by the radiotracer. Because of photoelectric
absorption and Compton scattering, the emitted γ photons are attenuated inside the body before arriving at the
detector. Meantime, there is always unavoidable detector blurring effect due to the finite size of the collimator holes.
The detector response in reality is spatially varying and deteriorates with distance from the face of the collimators. It
is called DDRV, which results in shape distortion and non-uniform density variation in the reconstructed image from
projection data obtained from a SPECT imaging system. Currently, most SPECT protocols for clinical application
only support quantitative reconstruction. For more accurate diagnosis, quantitative reconstruction of radiotracer
concentration at any location inside the body is desired and requires accurate compensation for the attenuation, scatter,
and DDRV, as well as accurate treatment of the Poisson noise.
Currently available analytical method is the filtered backprojection (FBP) method, which is considerably faster
and widely used in clinic. Analyzing the noise property of its reconstruction is straightforward. But it is very
challenging to derive an explicit inversion formula based on the realistic mathematical models of the SPECT
measurements within the FBP framework. In the past decades, a great research effort has been devoted to investigate
and develop various analytical means that can simultaneously correct for uniform attenuation and DDRV for
[4][6][11][14][29]
quantitative 3D SPECT reconstruction
. The correction for non-uniform attenuation becomes possible only
[19]
recently when the exact analytic non-uniform attenuation reconstruction algorithm was derived by Novikov in year
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2000. In his paper, Novikov presented an explicit formula for inverting the attenuated Radon transform for SPECT
[18]
reported another version of the formula later.
reconstruction with parallel-beam collimator geometry. Natterer
[10]
These formulas had been implemented and good reconstruction results were obtained . Based on the explicit
inversion formula for the non-uniform attenuated Radon transform, we further developed an efficient, analytical
solution to 3D quantitative SPECT reconstruction of parallel-beam collimator geometry with simultaneous
[17]
compensation for attenuation, scatter, and DDRV, as well as accurate treatment of Poisson noise .
For many clinical applications, however, fan-beam and VFF collimation geometries are preferred. Fan-beam
collimator improves count density and spatial resolution, as compared to parallel-beam collimator, for imaging small
objects, such as small animals and the human head with distorted skull enclosure. (A normal skull enclosure can be
treated as a thickened brain tissue shell and therefore the attenuated Radon transform reduces to the exponential Radon
transform). For cardiac studies, however, the fan-beam geometry encounters truncation problem, due to its limited
acceptance angle across the field-of-view (FOV), which can cause artifacts. The VFF collimator overcomes this
truncation problem, while preserving the improved count density and spatial resolution. In our previous work, based
on the parallel-beam non-uniform attenuation inversion formula of Novikov and the relation between the parallelbeam geometry and variable fan-beam geometry, we derived our variable fan-beam non-uniform attenuation inversion
[25][26][27]
formula
. Meantime, we investigated the frequency-distance relation (FDR) in fan-beam and variable fan-beam
geometries and studied the frequency to trajectory relation in these non-parallel geometries. Based on these
investigations, we constructed a non-stationary FDR filter with reasonable approximation to compensate for the
[12]
detector blurring effect of the fan-beam and variable fan-beam geometries . Accurate treatment of the DDRV is
[13]
under progress .
It is true for all inverse solutions that analytical reconstruction methods that compensate for the attenuationresolution effects can be highly susceptible to data noise and model errors. To avoid reconstructed images being
corrupted by the presence of severe noise and conspicuous artifacts, we first apply our K-L domain adaptive Wiener
filter, which accurately treats the signal-dependent Poisson noise in the primary and scatter window measurements.
The scatter contribution to the primary-energy-window measurements is then removed by our scatter estimation
method, which is based on the energy spectrum and modified from the triple-energy-window acquisition protocol.
Based on the above previous researches, we build in this paper an analytical framework for the solution of 3D
quantitative SPECT reconstruction with VFF collimators, which provides a simultaneous compensation for nonuniform attenuation, object-specific scatter, and spatially variant resolution variation, as well as an accurate treatment
of the non-stationary Poisson noise.

2. RECONSTRUCTION SCHEME
In general, the sinogram in 3D SPECT with non-uniform attenuation, DDRV, scatter and noise can be expressed
as

gφ ( p, q ) = ∫ ∫ ∫ f ( x, y, z )h( x, y, z , φ , p, q )e

∫

− a ( x ’,y ’,z ’) dl

dxdydz + r (φ , p, q ) + n(φ , p, q )

(1)

where a(x,y,z) is the attenuation coefficient map of the body, h( x, y, z ,φ , p, q ) is the DDRV function of the SPECT
system, f ( x, y, z ) is the radiotracer activity distribution inside the body, r (φ , p, q ) denotes the background events
such as scatter contribution, and n(φ , p, q ) is the noise.
With the existence of random noise and other deterministic physics effects, we propose an analytical
reconstruction scheme that corrects simultaneously for all the above degrading factors, as shown in Figure 1. In the
following subsections, we will describe our analytical reconstruction scheme in details.
2.1 K-L Domain Adaptive Wiener Filtering for Accurate Treatment of Poisson Noise
As is true for all inverse solutions, analytical reconstruction methods that compensate for the attenuation can be
highly susceptible to data noise and model errors. Therefore, these methods should be regularized adequately so that
they are numerically robust and can yield quantitatively accurate images. To avoid reconstructed images being
corrupted by the presence of severe noise and conspicuous artifacts, we first apply our K-L domain adaptive Wiener
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filter, which accurately treats the signal-dependent Poisson noise in the primary and scatter window measurements.
The task of spatial filtering of signal-dependent Poisson noise can be greatly simplified by first applying the
Anscombe transform to all the projection data, which converts Poisson distributed noise into Gaussian distributed one
[1]
with a constant variance . That is, if x is Poisson distributed with mean equal to λ , then y = ( x + 3 8)1 2 can be
approximated as Gaussian distributed with mean equal to (λ + 1 8)1 2 and variance of 0.25. Therefore, by Anscombe
transformation, the noise becomes signal independent and can be expressed mathematically as an additive term. In
this situation, the noise covariance matrix of the transformed projection data is the identity matrix (with unit variance
and being uncorrelated) being multiplied by 0.25.
Read in
projection data

K-L domain adaptive Wiener
filtering of three energywindows

Scatter correction

Correction of Distancedependent Resolution
Variation

Reconstruction with non-uniform attenuation
compensation for variable fan-beam
collimator

Write out
reconstructed
results

Figure 1: Flow chart for proposed reconstruction scheme.

It has been proved that in the K-L domain, the noise property of constant variance remains for all components
By applying K-L transform on equation (1), we have

[16]

.

W = AM g = AM g ’+ AM n’= g l + nl

(2)
where AM = A ⊗ I M and A is a K × K matrix composed of eigenvectors of the covariance matrix K t between different
sinograms. Notation I M denotes an M × M identity matrix and ⊗ represents the Kronecker product.
The Wiener restoration in the K-L domain can be expressed by K independent filters each for one principal
[16][9]
:
component

gli = d i K s (d i K s + σ n2 I M ) −1Wi ,

i = 1,2,..., K

(3)
where K s is the spatial covariance within the sinograms, di is the i-th eigenvalue of the covariance matrix K t , and

σ n2 is a constant equal to 0.25. If spatial stationarity for each principal component is utilized, the 2D wiener filter in
the K-L domain is the expressed as

H (ω s , kθ ) =

S g i (ω s , kθ ) − σ n2

S g i (ω s , kθ ) + ( β − 1)σ n2

(4)
where S g i is the 2D discrete Fourier transform (FT) of sinogram g i for image slice i, (ω s , kθ ) demotes the 2D FT
coordinates, and β is a smoothing parameter, controlling the degree of smoothness and usually equal to 1 for SPECT
study. The K-L domain Wiener filtering is the product of equations (3) and (4) in the FT space.
2.2 Scatter Correction Based on a Triple-Energy-Window Acquisition Strategy
1860
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After suppression of Poisson noise, the scatter contribution to the primary-energy-window is then removed by our
[13]
scatter estimation method , which is based on the detection energy spectrum and modified from the triple-energy[20]
window acquisition protocol . In our triple energy window strategy, we select the main window ( Wm : 128 keV-152
keV) centered at the peak energy of 140 keV, and the two satellite windows ( Wl and Wu with 4 keV width) centered at
126 keV and 154 keV respectively. The scattered photon counts within the main window are described as the
following equation:

2 C
C
Csca = ( l − x u )Wm
3 Wl
Wu
where x is the ratio between Cl

Wl

and Cu

Wu

(5)

in the absence of attenuation and scatter, which removes the assumption

that the primary photons inside both the satellite windows are the same. The value of x is determined by measuring a
[3]
point source in air. When x value is equal to 1, our method is reduced to the Bourguignon’s method . The scatter
energy spectrum inside the photo-peak or main window is closely represented by a parabola function, rather than a
[3][20]
linear function as assumed in both Ogawa’s and Bourguignon’s method
. The area under the parabola spectrum
can be accurately computed through an integral operation, given the heights at 126 keV and 154 keV locations.
Therefore, a scale factor 2/3, rather than ½, is shown in our new algorithm. This non-liner scatter energy spectrum
within the main window is fundamentally different from both Ogawa’s and Bourguignon’s methods, in addition to the
different treatment of primary photon counts in both satellite windows.
2.3 The Correction of DDRV for VFF collimators
[6][23][29][36][37]

For the correction of DDRV
, we investigated the frequency-distance relation (FDR) in fan-beam and
VFF geometries and studied the frequency to trajectory relation in these non-parallel geometries. Based on the
investigation we constructed a non-stationary FDR filter with reasonable approximation to compensate for the detector
[12]
[13]
blurring effect of the fan-beam and VFF geometries . Accurate treatment of DDRV is under progress .
According to the detector response model of VFF geometry, the blurred projection data can be expressed, under
the collimator coordinate system (CCS), as:
∞

∞

g (θ,ξ) = ∫ dη ∫ dξ *w(ξ *,η) f (θ,η,ξ * )h(ξ *,ξ −ξ *,η)
b

−∞

(6)

−∞

where w(.) is the Jacobian factor for VFF and is given by

w (ξ , η ) = 1 −

η
ηξ F ′
+
F
F2

(7)

and h(.) is the point spread function (PSF) for the VFF geometry. Notation F is the focal length function and F’ is the
first-order differentiation.
Note that the collimator-blurred data is no longer a convolution of object with PSF, it also depends on the source
position. Generally speaking, the integral of equation (6) cannot be separated to generate the filter as in the parallelbeam collimation case.
~
A first simple consideration is to use an average PSF h (.) to substitute h(.) in equation (6). After the 2D FT with
respect to θ and ξ, it can be shown that
~
(8)
g (n, ω ) = g b (n, ω ) H −1 (n, ω )
~
where H is
~
H (n,ω ) =

∞

∫e

−2πiωu

~
h (u,η(n,ω,ξ ′))du

(9)

−∞
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and η (.) stands for the FDR of VFF:

η=

nF 2 − ωF ( FRO + ξ 2 )
= η (n,ω ,ξ )
n( F − F ′ξ ) − ω ( F 2 + ξ 2 )

(10)

where Ro is the radius of scan orbit.
Secondly, to better estimate h~ (.) , we note that the PSF is often a sharp function, i.e., only none-zero in a small
region, and in this region, we can assume that the PSF does not change much. Therefore, equation (6) can be
integrated in segments with h = hi (ξ − ξ ′,η ) in each segment. With this approximation, we chose the average PSF
~
h (.) as h~ = ∑ hi (ξ − ξ ′) .
i

Usually, resolution enhancement by inverse H(.) will have a cost of noise increase. To control the noise in the
process, a regularization approach is used via a Wiener filter, which can be expressed as
W F ( n, ω ) =

H ( n, ω )

(11)

N
H ( n, ω ) +
S
2

where N is the expected value of the power spectrum of the noise process, and S is an estimate of the power spectrum
of the random process of which the object is assumed to be a sample.
The formulas above are in 2D space, but it is easy to extend them to 3D space. The formulas were implemented
in three dimensions in our simulation studies. After the above 3D processes, the image reconstruction can be
performed slice-by-slice for the VVF collimation geometry in two dimensions, as shown below.
2.4 Reconstruction with Non-uniform Attenuation Compensation for VFF Collimators
For both the treatment of Poisson noise and the compensation for scatter and DDRV, all the procedures are
[28][31][32][33][34][35]
performed in 3D domain. For attenuation compensation with VFF collimators
, we can process it in a 2D
manner slice-by-slice, since the photon absorption effect in the VFF collimation is a 2D problem. Based on the
Novikov’s parallel-beam non-uniform attenuation reconstruction formula, we derived two different variable fan-beam
[25]
[27]
reconstruction algorithms: one is the approximated algorithm ; and the other is the ray driven exact algorithm .
When focal length is long enough, the approximate method can obtain good result and run very fast. Exact method is
ray-driven, that means it reconstructs image ray-by-ray. This would cost more computing time, but the speed can be
improved with pre-process storage of some parameters, instead of computing them on the flight.
2.4.1 Approximated reconstruction algorithm
Any ray ( p , β ) in the VFF geometry can be seen as a ray ( x r , φ ) in the parallel-beam geometry. Let D( p) be the
focus length at bin position p. The relation between these two geometries is:
p
φ = β + γ = β + tg −1
D( p)
pD( p)
.
(12)
xr = p cos γ =
D 2 ( p) + p 2
For VFF geometry, we have
( Hg )( x r ) =
=
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1
π∫

1 g ( x r" ) "
dxr
π ∫ xr − xr"

( p − p" )

g ( p" )
UD( p " )
D 2 ( p" ) + p"

2


p " D( p " )

d
 D 2 ( p" ) + p"2







=

=


2
"
"2
1 g ( p" )  D ( p ) + p
⋅
π ∫ ( p − p " )  UD( p " )


(

 3 "
"3
"
 D ( p ) + p D′( p ) "
⋅
dp
3


2
"
"2 
  D (p )+ p 



(13)

)

3
1 g ( p" )
D 2 ( p" )
⋅
1 + p " D′( p " ) D 3 ( p " ) dp " = ( Hg e )( p )
"
2
∫
2
"
"
π p − p U (D ( p ) + p )

where
g e ( p) = g ( p) ⋅

(

)

D 2 ( p)
1 + p 3 D′( p) D 3 ( p) .
U ( D 2 ( p) + p 2 )

(14)

The approximated reconstruction formula for VFF collimator geometry of non-uniform attenuation is represented
by the following equations
1 ∂
∂
f ( x, y ) =
[ Bc( x, y ) + Bs ( x, y )]
4π ∂x
∂y
1 2π ( Dφ aφ )( xr , y r )
’
Bc ( x, y ) =
[e
gaφ ( xr )] cos φ dφ
4π ∫0
1 2π ( Dφ aφ )( xr , yr )
’
(15)
Bs( x, y ) =
[e
gaφ ( xr )] sin φ dφ
4π ∫0
where
A ( p)
− A ( p)
’
ga φ ( x r ) = e β [cos( C β ( p )) H cos( C β ( p )) e β g β ( p )W ( p )
(16)

(

(

+ sin( C β ( p )) H sin( C β ( p )) e

Aβ ( p )

)

)

g β ( p )W ( p ) ]

1
Ra β ( p ) , Cβ ( p) = H ( Aβ ( p)W ( p)) ,
2
D 2 ( p)
(1 + p 3 D′( p ) D 3 ( p ) ).
W ( p) =
U (D 2 ( p) + p 2 )
Aβ ( p ) =

(17)

Notations f (x) and a(x) were defined before for the activity phantom to be reconstructed and the attenuation
coefficient across the body, respectively. Notation gφ ( xr ) is the projection datum at position xr with projection angle
φ,

H denotes for the Hilbert transform and R represents the Radon transform.
When D ( p ) = a + k | p | , we have D′( p) = ksign( p) . For a point ( r ,θ ) , its projection on the detector is
pˆ =

−b+

b 2 + 4 kar | cos( β − φ ) | .
2 ksign [cos( β − φ )]

p̂
(18)

2.4.2 Exact reconstruction algorithm
For each ray ( p, β ) , we can build a local coordinate system (u , v) . The relation between this local coordinate
system and the original coordinate system is:

u = x cos φ + y sin φ

v = − x sin φ + y cos φ

.

(19)

Our ray-driven exact VFF reconstruction formula can be written as
∂
1 ∂
f ( x, y ) =
( BC ( x, y ) + BS ( x, y ))
∂y
4π ∂x

BC ( x, y) = ∫

2π

∫
B ( x, y) = ∫ ∫
S

∞

0
2π

−∞
∞

0

−∞

[e

[e

( Dφ aφ )(u ,v )

( Dφ aφ )(u ,v )

ga( β , p ) (u)] cosφ | J |dpdβ

ga( β , p ) (u)] sin φ | J |dpdβ

(20)
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where
ga( β , p) (u) = e

− Aφ (u )

(

[cos(Eφ (u))H cos(Eφ ( xr ))e

Aφ ( xr )

Eφ (u ) = HAφ (u ) , and

)

(

g( p, β )δ (u − xr ) + sin(Eφ (u))H sin(Eφ (x r ))e

Aφ (u ) =

1
Raφ (u )
2

Aφ ( xr )

)

g( p, β )δ (u − xr ) ]

(21)

the Jacobian | J | is given by
| J |=

∂xr ∂p ∂xr ∂β D3 ( p) + p 3 D ’( p) .
=
∂φ ∂p ∂φ ∂β
( D 2 ( p ) + p 2 )3

(22)

where H and R have been defined before. The relation between ( x, y ) and (u , v) is shown by equation (19). The
relation between ( p , β ) and ( xr , φ ) is shown by equation (12). Therefore, (u , v) can be obtained by ( x, y ) , and

( xr , φ ) can be obtained by ( p, β ) .

3. SIMULATIONS
Figure 2 shows the reconstructed images using our approximated and exact variable fan-beam non-uniform
attenuation reconstruction algorithm. Projection data of 128 bins and 128 stops evenly distributed over 360 degrees
[21]
were simulated from the Shepp-Logan mathematical phantom with non-uniform attenuation on an image array of
128x128 size, see Figure 2.

(a)

(b)

(c)

(d)

(e)

(f)

(g)
(h)
(i)
Figure 2: Reconstruction results using our methods. D(p) is focus length in pixel units, image size is 128 × 128. (a)
Activity Phantom. (b) Attenuation Map. (c) Reconstruction without attenuation compensation. (d) Fan-beam D(p) =
300. (e) Fan beam D(p) = 1000. (f) VFF D(p)=300+30|p|. Images of (d)-(e)-(f) are the reconstruction results using our
approximated method. (g) Parallel-beam D(p) = ∞ . (h) Fan beam D(p) = 300. (i) VFF D(p) = 300+30|p|. Images of
(g)-(h)-(i) are the reconstruction results using our ray-driven exact method.

On the top right or Figure 2(c), a reconstruction of variable fan-beam collimated projection data is shown without
attenuation compensation. A strong effect of non-uniform attenuation is seen. In Figure 2, images of (d), (e) and (f)
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are reconstruction results using our approximated method. With fan-beam collimators of focal lengths of 300 and
1000 pixel units, i.e., a short and long focal lengths, we obtained almost identical results to the original image, see
images of (d) and (e) in Figure 2. By the variable focal-length function of D(p)=300+30 p , the reconstructed result,
see Figure 2(f), was almost identical to those of the fan-beam reconstructions. In Figure 2, images of (g), (h) and (i)
are reconstruction results using our ray-driven exact method. For fan-beam geometry, the focal length was chosen as
D(p) = 300 in pixel units. For VFF geometry, we tested two focal length functions of D( p) = 200+10 | p | and D( p)
= 300+30 | p | . We obtained almost identical results to the original image.
To evaluate the performance of our proposed analytical reconstruction scheme, Monte Carlo simulations
(SIMIND, Ljungberg, et al. 1994) were used to generate realistic projection data from the MCAT digital torso
phantom with defects inside myocardium. The phantom was scanned by a SPECT system with high-resolution, VFF
collimators and triple-energy-window acquisitions. Projection data of 128 bins and 128 stops evenly distributed over
360 degrees were sampled with non-uniform attenuation. The preliminary simulation results showed that
reconstruction results become better and better after noise reduction, scatter removal, DDRV correction and
attenuation compensation (see Figure 3).

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 3: MCAT phantom and reconstructed images from Monte Carlo simulation: (a) activity phantom; (b) attenuation
map; (c) attenuation reconstruction from noise-free projection data (demonstrating correct implementation); (d) FBP
reconstruction directly from noisy projection data; (e) FBP reconstruction after noise reduction; (f) FBP reconstruction
after noise smoothing and scatter removal; (g) FBP reconstruction after noise reduction, scatter removal, and DDRV
correction; (h) reconstruction of the proposed analytical scheme after attenuation compensation, DDRV correction,
scatter removal and noise reduction. (Variable focal length function is D(p)=174.5000+0.1001 p 2 ).

4. CONCLUSION
In this paper, we described an analytical VFF reconstruction scheme that provides a simultaneous compensation
for non-uniform attenuation, object-specific scatter, and system-dependent DDRV, as well as an accurate treatment of
the non-stationary, signal-dependent Poisson noise. Simulation results show that our analytical variable focal-length
fan-beam reconstruction for quantitative SPECT with simultaneous compensation for all these degradations is feasible.
For clinical application, we will need more validations for the whole scheme using both the Monte Carlo simulation
and the experimental phantom studies, and finally utilizing the real patient data.
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